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The Discrete Non-uniform Sturm-Liouville Problem Applying Discrete Derivative to Substitution
The general Discrete Non-Uniform Sturm—Liouville (SL) equation: Apply Ap to Xk = 1y sin B and use Apxy — X Cros Ok.
. DAh (Ir:'kIAh;(k) —|—d()\Wk — qk) Xkt1 = 0 for k = O, e N — 1 Equation A- (9 K
1 naary.
with a Dirichlet bou Yy fik COS Ok sin O 1 A 11k + 1A sin O
Xo = Xpy1 =0 Ik
where: Apply Apto reApXk = g cos 0 and substitute the SL equation:
Xk+1 — Xk Xkt — Xk Equation B:
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> I, Wi, k- N — R with ry # 0 & wy > 0 are weight functions. (AWic — Qi) Mic
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cos O — (AWx — Qk) i sin O = cos Ok 1 Ap ik + o Dpcos O

» \ € R is a parameter — EVP/Spectral Problem
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lo 1 > 13 Eliminate A, 0,: multiply A by sin 6, 1, B by cos 6. 1, add and simplify:

Why Priifer Substitution? hi[(Apsin 0k)? + (ApcosBk)?] 1
Ap ik = — ik sin Ox1 cos O

Deriving the Prufer System
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Prufer Subsitution: Cartesian — Polar N N
Prifer Substitution Impose Initial Condition (AW — qk) hx

SL-BVP < > 1Storder D.E. < > system of VP | - cos O+1 cos Ok + (AWk — Qi) cos O+ 1 sinﬁk)

(amplitude + phase)

Eliminate Ap 1k multiply A by cos k.1, B by sin 6.1, subtract and

. " simplity:
The Prufer Substitution -
_ | _ sin(hx Ap0k) = “( cos O cos Okt + ( AWk — Qk) Pk cosBksin by, 1 + (AWK — Qk) i sin O sin Ok 1
Switch to polar coordinates in the (rkApxk, Xx) plane: fk( )
XKk = Uk Sin (9/(, He ApX = Lk COS 01
X Consequences of the Prufer System
K ik (il n X, Xi) Ap 6Ok 1s Independent of 1, — solve the 6, equation alone.
N Xo = Xpt1 =0 <= 0p1(\) = mnforsome me Z*
KJ Solution to phase equation — Solution to amplitude equation — Solution

to SL-BVP
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