I € N be fixed.

Discrete Interval

T:=[1, T+1]:={1,2, ..., T, T+1}.
Consider the difference equation:

A2u(t — 1)+ h(t, u(t), Au(t—1))=0; teT
Au(0) =0
u(T +2)=g(T +2)

(BVP)

Upper solution 5

B:10, T +2] — Ris called an upper function of (BVP) if

A2B(t— 1)+ h(t, B(1), AB(t—1)) <0, forte[1, T+1]
AB(0) <0
B(T+2)>g(T+2)

Lower solution o

a: [0, T+ 2] — Ris a lower function of (BVP) if
Aot — 1)+ h(t, o(t), Aa(t —1))>0,forte[1, T +1]
{Aoz(O) >0
a(T+2)<g(T+2)

v and 3 be a lower and an upper function of (BVP).
va<pgon[l, T+ 1].

v h be continuous on [1, T + 1] x R2,

v h is non-increasing in its third variable.

Then (BVP) has a solution u(t) satisfying:
aft) < u(t) < B(t), tel0, T+ 2]
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Boundary Value Problem Define ¢ and h

Forte [1, T+ 1], x, z € R, define functions:
(B(t—1), z> B(t—1)
o(t, 2) =1 2, a(t—1) <z < B(t—1)
\oz(t—1), Z<a(t—1)

At BLE). 3(E) — olt, 2) ~ g x> (D)
h(t, x, x —z) =< h(t, x, x — o(t, 2)), (1) < x < B(1)
h(t, a(t), a(t) —o(t, 2)) + oz((l)‘é)(?)_(—)ﬁ 5 X< a(t)

Brower’s fixed point theorem

» Any continuous mapping from the unit ball to itself has a fixed point.

vE:={u: [0, T+2] —- R, Au(0)
v

—0, (T +2)=g(T +2)}

|ul| = max{u(t): te[1, T+ 1]}
E is a Banach space withdimE = T + 1.
Define 7: E — E by

T+1 S
-3 (XA we
Hence, 7 Is a contlnuous operator. Moreover (1) implies that if

r> ZSM
s=1

Then T(B(r)) C B(r), where B(r) = {u € E: ||u|| < r}. Therefore,
by the Brouwer Fixed Point Theorem du € B(r) such that u = T u.

Au1—1))), telo, T+2] (1)

u is a fixed point of 7 iff v is a solution

(=)
Assume u = T u.
Then
AAu(t—1) = Au(t) — Au(t — 1)
— —h(t, u(t), Au(t—1))forte[1, T+1].
(<)

Assume u solves (BVP). Then u € E and Au(0)
with a proof by induction to show.
T+1 s

u(t) =g(T+2)+>» » h(i, u(

s=l |=1

= 0. We proceed

), Au(i—1)), tel0, T+2] (2)

Final Step:

To show, u of (BVP) satisfy
a(t) < u(t) < 5(1),

> v(f) = u(t) — (1)

» assume for a proof by contradiction that
max{Vv(f): t € [0, T+ 2]} = v(¢) > 0.

» This implies AAu(¢ — 1) < AAB(C —1).
» Next show that AAu(/ — 1) — AAB(¢ —1) > 0.

te |0, T+ 2]
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