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Math 330: Differential Equations I

Introduction to Differential Equations

A differential equation is a mathematical equation that relates a function with its derivatives. These equations
are essential for modeling dynamic systems and processes in physics, engineering, economics, and many other
fields. This course focuses on methods for solving various types of differential equations and understanding
their applications.

Definition

Differential Equation: A differential equation is any equation involving an unknown function and one or
more of its derivatives.

Ordinary Differential Equation (ODE): If the unknown function in a differential equation is a function of
only one variable, the equation is called an ordinary differential equation, or ODE.

Partial Differential Equation (PDE): If the unknown function in a differential equation depends on more
than one independent variable, the equation is called a partial differential equation, or PDE.

Classification of Differential Equations

The study of differential equations typically begins with classifying them according to their properties. Complete
the following table to practice identifying different types of differential equations:

Application Area Equation ODE or PDE
dpP
Population dynamics, eco- i k(P — P?)

nomics, logistic growth

d? d
Electrical circuits, oscilla- 5%‘; + 4d—f + 92 = 2cos 3t
tions, vibrations
0? 0?
Electrostatics, heat flow, fluid —Z + —ZL =0
. Ox oy
dynamics
d'y
Beam deflection in structural 8ﬁ =z(l—x)
engineering v
ON 0°N 10N
Nuclear physics, diffusion pro- | — = —5 + —— + kN

ot or2 r Or
cesses

Note

In this course, we will focus exclusively on ordinary differential equations (ODEs).

Key Terminology

Understanding the vocabulary associated with differential equations is essential for discussing and solving them
effectively.

Definition

Dependent Variable: The unknown function that we’re solving for in a differential equation.
Independent Variable: The variable with respect to which the function is defined.

Parameter: A quantity that remains constant for a specific problem but may vary between different problems.
Order: The highest derivative of the unknown function that appears in the equation.
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Practice with Terminology

For each equation below, identify the order, dependent variable, independent variable, and parameters:

Equation Order | Dependent | Independent | Parameters
dP
— = k(P — P?
i, ( i )
x x
5%2 —|—4$ + 9z = 2cos 3t
Y
ma” + bx' + kx = 2t°
2"+ 22" + 2’ 4 3x = sin(wt)

Solutions to Differential Equations

Definition

Solution: A solution of a differential equation is a sufficiently differentiable function that, when substituted
into the equation along with its derivatives, satisfies the equation for all values of the independent variable
within some interval.

Example

Determine whether each function is a solution to the given differential equation:
1.y —y =0, with y(t) = ¢!
2. y" —y =0, with y(t) = cosht
3.y —y =2, with y(t) = 3e! — 2
4. 2t2y" + 3ty’ —y = 0, with y(t) = v/t for t > 0

5. y" +y =sect, with y(t) = (cost)In(cost) +sint for 0 <t < 7/2

Exponential Growth Models

One of the most fundamental differential equations models exponential growth or decay. This model appears
in many applications, from population dynamics to radioactive decay.

The Exponential Growth Equation
From Calculus I (Section 3.8 of Stewart’s Calculus), we recall:

"In general, if y(t) is the value of a quantity y at time ¢ and if the rate of change of y with respect
to t is proportional to its size y(¢) at any time, then

Y~ kg (1)

where k is a constant.”

This model is often called ”the law of uninhibited growth” or the "Malthusian model.” The general solution
to this differential equation is:

y(t) = y(0) - (2)
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Exploring Solutions

Consider the simple differential equation y’ = v.
A solution to this ODE is y(t) = e'. But is it the only solution?

What about y(t) = 2¢!? Or y(t) = 3e!? Or more generally, y(t) = Ce! for any constant C?

Cc=1

N[ —

’
’
va
‘s
- ’

Figure 1: Graph of y(t) = Ce’ for selected values of C

Would the family of curves y(t) = Ce! "fill up” the entire Cartesian plane if we graphed all possible values
of C?7 What patterns do you notice in this family of solutions?

Types of Solutions

When working with differential equations, we distinguish between different types of solutions based on how
completely they characterize the solution space and what additional conditions they satisfy.

Definition

General Solution: A family of solutions containing all possible solutions to a differential equation. These
solutions should be non-intersecting and collectively fill the solution space.

Initial Value Problem (IVP): A differential equation with additional conditions specified at a single point.
These additional constraints are called initial conditions.

Boundary Value Problem (BVP): A differential equation with additional conditions specified at multiple
points. These constraints are called boundary conditions. (Note: BVPs are typically harder to solve than
IVPs.)

Particular Solution: A specific solution that satisfies both the differential equation and any additional
conditions (initial or boundary).
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Example

Determine each of the following if initial value problems or boundary value problems:

1. 2’ =z, 2(0) =2

d

2. d—?:m, z(0) = -3

3. 2" +x=0,2(0)=1,2/(0)=1
d*z T

5.4/ =2t—5,2(1) =1

6. 2/ =2x—5,2(1)=1

Homework Assignment

1. For each of the following differential equations, determine whether it is an ordinary differential equation
(ODE) or a partial differential equation (PDE):

dy , dy
) =2 — 2y~ 42y =
. dy  y(2—3t)
) % = a3
d
(iii) a% = k(4 —x)(1 — z), where k is a constant
ou 0*u  0*u
) U p (g Uy
() 5 <8x2 * ay2> 0
Py | dy
(V) @ + E + Yy = 3COS(UJt>

0% 10y 10%

N v Loy 10w
(vi) or? + r or + r2 062
(vii) ¥ + 4yy” — 3y’ + 2y = sin(t)
d3z e dz
— tx—=e
dz3 dx
2. For each of the ODEs identified in problem 1, determine the order, dependent variable, independent

variable, and any parameters.

(viii) z

3. Determine whether the given function is a solution to the given differential equation:

(i) 2" + x = 0, with possible solution z(t) = 2cost — 3sint
d2
(ii) d—‘z +y = 2% + 2 + 1, with possible solution y(z) = sinz + 2% + x + 1
x
d*9 do
i 6?% + 30 = —2e?!, with possible solution (t) = 2e3t — 2

(i)

(iv) ¥’ + 4y = —5e™*, with possible solution y(z) = 3sin2z — e~
)
)

xT

y" — 4y’ + 4y = 0, with possible solution y(z) = (c1 + caw)e?® where ¢; = 3 and ¢z = —2

(v

(vi) 2" — 62’ + 9z = 0, with possible solution x(t) = t2e%

4. Determine whether the given relation is an implicit solution to the given differential equation. Assume
that the relationship defines y as a function of x and use implicit differentiation:
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d 2y — 1

(i) ﬁ = ym , with possible solution y — Iny = z? + 1
d

(ii) d—y =e ™ —ye ™ + x, with possible solution e 4y =2 — 1

T

Lo dy my -yt : oy

(iii) —= = ——5=, with possible solution = + In|z| = C where C' = 2
dx x z

d 2 11 1
(iv) % = %, with possible solution T + C where C = —3

5. Classify each of the following as an initial value problem (IVP) or a boundary value problem (BVP):

(i) ¥"+y=0,9(0)=0,y(0)=1

(i) ¥" +y=0,y(0) =0, y(m) =0
(iii) 2" + 9z = cos(3t), (0) =1, 2/(0) =0

. d*y
(iv) ) +4y =z, y(0)=0,y(2) =3

(v) y® — 16y = 0, y(0) = y'(0) = 0, y(1) = 1, ¥/(1) = 0

6. Prove that if y;(¢) and ya(¢) are both solutions to the linear homogeneous equation y” +p(t)y’' +q(t)y = 0,
then Cyy1(t) + Caya(t) is also a solution for any constants Cy and Cs.
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First-order Differential Equations

Technically, from our definition of a differential equation, we can deduce that a first-order differential equation
is any equation involving an unknown function and its first derivative. In its most general sense, this concept
can be written as F(t,z,2") = 0, for some unknown function F. For the solving techniques presented in this
chapter, we assume that the equation can be solved explicitly for 2, and thus, we consider differential equations
that can be put in the form:

a = f(t7$)7

where f denotes an arbitrary function in two variables.

Separable First-order Differential Equations

A differential equation is separable when it can be written in the form

X g0

that is, when the function f(t,x) can be factored into a product of a function of ¢ times a function of z.

Examples

Determine which of the following first-order differential equations are separable.

1.

2.

¥ =3x+1

=2t—-7
.2 =3x—2t
o =t + 2t

. &' =cos(z +1t)

/ T+t

. =€

¥=at? 42— —t

Method to solve a separable first-order differential equation:

Start of problem: 2’ = f(t,x)

1.

2.

Simplify the equation so that it can be written in the form % = g(t)h(z).

Multiply both sides by dt and divide both sides by h(x), and insert appropriate integral signs to obtain

/hgm)dx:/g(t)dt.

. Integrate both sides of the equation; that is, find any function H(x) such that H'(z) = ﬁ and any

function G(t) such that G'(t) = ¢(t). Include a constant of integration on the side of the independent
variable so that the equation can be written as

. If possible, solve this equation explicitly for  so that it can be written as z(t) = ...
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Examples

Solve the following separable equations and initial value problems.

2. ¢/ =tx+5
3. 2’ = xcost
4. 2/ = (t +1)(cosx)?
5. 2’ =

6. '/ =tx+1,2(0) =2

Homework Assignment

Solve the following differential equations and initial value problems using the method of separation of variables,
if possible. If an equation is not separable, explain why this method cannot be used.

2. ' = —a?sint

3.2 =422 —3t+1

/_ t4tx?
4. x e

/ 3t2—1
5. x 3702

6. ' =tex+7

7.2 =(2+1)(3+x)

8. 2/ =tz(0)=3

9. 2/ =1+1t)(2+z),2(0) = -1
10. 2/ = (1 +22)tant, 2(0) = V3
11. 2/ =z cost,z(0) =1

12. ' =22(1 — x),2(0) = 1/2
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Linear First-order Differential Equations

We proceed beyond the intuitive calculus method of separable variables by considering the special case when
the differential equation is in the form

ar(t)2'(t) + ao(t)z(t) = b(#), (1)

where the functions ag, a1, and b are arbitrary functions of t. Since we are assuming a first-order equation, we
know that ai(t) # 0 and this allows us to divide the expression by a; and give us the standard form of the
equation we will need to apply our technique.

Definitions

Linear Differential Equation in Standard Form: A first-order linear differential equation in standard
form is an equation that can be written as

' (t) + p(t)x(t) = q(t), (2)

for some functions p(t) and ¢(t). If ¢(¢) = 0, it is called a homogeneous linear equation.

Examples

Determine which of the following first-order differential equations are linear. If so, are they also homogeneous?

1. 2/ =3x+1
2.2/ =2t-7
3. 2/ =3z —2t
4. 2/ =tx + 2t

5. t22' =sint + x
6. 2 —1)a' =tz —=z
7. xx' + t2x = sint

8. 22/ +3tx =t*Int + 1

Example (Method Illustration, simple case)

Consider the first-order linear differential equation given as follows
r+r=1 (3)

where p(z) = 1 and ¢g(z) = 1. We seek a way to turn this equation into something that is nearly separable;
that is, we seek a way to rewrite the left-hand-side of the equation so that it is an application of the product
rule for derivatives. We accomplish this by multiplying the entire equation by a function, call it «(t).

at)(@' +z)=at)-1
at)r' + a(t)z = at)
(f(t)- ) = a(t) (4)
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Also note that

(f(D)-2) = a(t)
() + f(t)a' = a(t)
FO + f/(t) = a(t) (5)

Notice that we need a function where f(t) = a(t) and f/(t) = a(t). We know this function to be a(t) = €.
We use this as the integrating factor for the linear equation given above to yield

@' +z=1)
ela’ +elx=¢
(e'z)" = ¢! (6)

We then integrate this equation, similar to how we solved separable equations,

/(et:r)' = /etdt

et:c:et—i—c

x=1+ce’ (7)

Example (Method Illustration, general case)

Now, consider the first-order linear differential equation given as follows

'+ p(t)r = q(t). (8)

We proceed through a similar sequence as in the simple case. Call our integrating factor u(t) this time.

p(t) (@’ + p(t)z) = p(t)q(t)
p(t)z’ + p(t)p(t)r = p(t)q(t) (9)
And by similar reasoning, we need a function that satisfies f(t) = u(t) and f'(t) = u(t)p(t). We can deduce

that it should be exponential of some type so that when differentiating, the chain rule yields the derivative of
the exponent to be p(t), i.e.

so that

=
=
~—
a\
_l_
=
=
~
=
=
8
I
=
—~
=
[~
—~
~

u@wz/MWﬂmﬁ (12)

And, after integrating the right-hand-side, we can divide by u(f) to obtain our general solution solved
explicitly for z(t).
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Definitions

Integrating Factor: A function u(t) such that multiplying the equation by p makes it integrable is called
an integrating factor for the differential equation. In general, an integrating factor for a first-order linear
differential equation in standard form is given by

p(t) = el PO (13)

Method to solve a first-order linear differential equation:

Start of problem:
ar1(t)x'(t) + ao(t)z(t) = b(t) (14)

1. Simplify the equation so that it can be written in standard form.

2. Multiply both sides by the integrating factor u(t).

3. Simplify the equation via the product rule on the left-hand-side of the equation and any allowable algebraic
simplification on the right-hand-side of the equation.

4. Integrate both sides of the resulting equation with respect to ¢, making sure to add the constant of
integration on the right-hand-side.

5. Divide both sides by u(t) to obtain the explicit solution z(t). Note that the right-hand-side might require
simplification at this point.

Examples

Solve the following linear equations and initial value problems.
Lo —z—e3=0
2.2/ =9 4+2t+1

30443 4 0= 3t a(l) =1

Homework Assignment

For each differential equation below, determine whether it is linear or nonlinear. If linear, state whether it is
homogeneous or nonhomogeneous.

1. o' + 3zsin(t) = ¢

2. tz’' + etz = In(t)

3. (t* +1)2’ — 5tz = cos(t)
4. o' =2+t

5.4+ % =1

6. 2’ = /x + 1

Solve the following differential equations and initial value problems using the method involving integrating
factors for linear equations.

1. 2/ =2z +1
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10.

11.

.2+ 22 =e %sint
St =31 —t
.2+ 2tr = 3t
ca'=—x+e? 2(0) =1

.2+ 27 = e Hcos(t), r(0) = —1

x4 2tx = 3t,x(0) =4

' =t2e Y — 4x

. 2 +xtant = sect

o +4z—e ' =0,2(0) = 3

(sint) %% + z(cost) = tsint,z (§) =2

Consider the following attempt to connect separable equations to linear equations.

1.

We now know what it means for a differential equation to be separable and what it means for a differential
equation to be linear. Both methods of solving these types of equations share similar techniques. This
then begs the questions:

(a) Under what conditions is a separable equation solvable via the linear equation technique?

(b) Under what conditions is a linear equation solvable via the separable equation technique?

(c) Is there a general class of problem that is solvable using either technique?
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Exact Equations

As an extension to the linear equations method and specifically the integrating factor concept, we consider a
special case when the differential equation is in the form

M(z,y)dx + N(z,y)dy = 0. (1)

Most first-order equations can be put into this form via simple algebraic manipulation, however only a select
few of these can be called exact.

Definitions

[Exact Equations] A first-order differential equation 3y’ = f(z,y) is called an exact equation if it can be
written in the form
M(z,y)dx + N(z,y)dy =0 (2)

where the functions M(x,y) = a—F and N(z,y) = %—5 for some differentiable function F(z,y).

In (multivariate) calculus, it i 1s shown that if is a twice continuously differentiable function of two variables,

then the second-order mixed partial derivatives 2 By am and 8 F are equal. If M(x,y) = 8—5 and N(z,y) = 86—5,

then
OM _ 0 (0F\ _ 0 (0F\ _oN 5
oy oy \ox) Oz \ody) Oz’
We use this as our “check” for exactness given an equation of the appropriate form.

Example (Exactness Check)

Check whether the following differential equation is exact.
(2% +y)dx + (x —siny) dy = 0
Begin by defining M and N:

Let M(z,y) =2° +y
Let N(z,y) =z —siny

Then, perform the appropriate differentiations.

o _ o
oy Oy
ON 0
2 = s —(z —siny) =1

(a® +y) =1

Therefore, this equation is exact.

Examples

Determine which of the following first-order differential equations are exact.
1. (322 — 22+ 2)dx + (6y? — 2> +3)dy =0
2. (e*siny — 2ysinz)dx + (e* cosy + 2cosz) dy = 0
3. (xlny+ £ )d:c+(ylnx+%)dy:0, x>0,y>0

__az+by+tc
dx+ey+f

W
S
<
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Method to solve an exact equation:

Start of problem:
M(z,y)dx + N(z,y)dy =0
1. Check for exactness, %—]\; = %—];7.

2. Set %—I; = M (z,y) and integrate once with respect to x to get

Fwwz/mew+mw

Note that Q(y) represents the “constant” of integration with respect to z, and the integration is done as

though x is the only variable, and y is a parameter.

3. Differentiate the function F' found in step (2), partially with respect to y, and set the result equal to

N(z,y).

4. The result of steps (2) and (3) yields an equation that defines Q'(y) as a function of y only. Antidiffer-

entiate Q'(y) to obtain Q(y).

5. The function from step (2) with the value of Q(y) from step (4) will provide an implicit solution of the

given exact differential equation,
F(z,y)=C.

Note that this method also works if you begin by setting %—5 = N(z,y) and proceeding in this manner.

Example (Exactness Method)

Solve the following differential equation using this exact method.

(2% +y) dx + (xz —siny) dy = 0

We know this equation is exact from 'Example (Exactness Check)’ so we proceed with the method.

Recall that we made the following definitions:

Let M(z,y) =2° +y
Let N(z,y) =z —siny

Option 1 (begin with M):

F@w%—/@9+wdx+Q@)

= 208t oy + QW)

3
Now, differentiate F' with respect to y,
oF 0 (1 4
oy " oy <3~’U +$Q+Q(y)>

=2+Q'(y) =N(z,y)
Thus,

v+ Qy) = o - siny
= Q'(y) = —siny
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And integrate with respect to y to obtain
Q(y) = cosy

Therefore, the implicit solution becomes
%xg +zy +cosy =C
Option 2 (begin with N):
Fa.y) = [ (o= sing)dy + Qo)

=zy —cosy + Q(x)

Now, differentiate F' with respect to x,

oF 0
o %(xy —cosy + Q())
=y+Q'(2)
Thus,
y+Q(z)=2"+y
= Q'(z) =2
And integrate with respect to x to obtain
1
Qz) = 51‘3

Therefore, the implicit solution becomes

1
a:y—cosy+§a:3 =C

Examples

Solve the following differential equations using the exact method.
1. 2z+y)de+ (x —2y)dy =0
2. (cosz)dr — (sinx —e¥)dy =0
3. (1+2y2%z)dr + (2yx® —cosy)dy =0, y(1) ==

Homework Assignment

Solve the following differential equations using the exact method, if possible. If the equation cannot be solved
using this method, explain why not.

L (22 +3)dz+ (2y —2)dy =0

2. (2zy* + 2y) dz + (22%y + 22) dy = 0

3. (e"siny + 3y)dz — (3z — esiny) dy =0

4. (1+1ny)dz + (%) dy =0

(cosx)dr — (ysinz —e¥)dy =0

(ye™ — 1) dz + (we™ +2)dy = 0, y(1) = 1

(€™ 4 ze™V) dx + (xe™Y + 2)dy = 0, y(0) = —1

dy _ _ aztbyte
= dztey+f

© N o

, where a, b, c,d, e, f are constants
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Bernoulli Equations

Introduction

Bernoulli equations represent an important class of nonlinear differential equations that can be transformed into
linear equations through a clever substitution. They are named after the Swiss mathematician Jacob Bernoulli
and appear frequently in various applications of mathematics, physics, and engineering.

Definition and Key Concepts

[Bernoulli Equations] A first-order differential equation is classified as a Bernoulli equation if it can be
expressed in the form:
2+ p(t)r = qH)a", n#0,1 (1)

where p(t) and ¢(t) are continuous functions of the independent variable ¢, and n is a real number.

It’s worth noting that when n = 0 or n = 1, the equation reduces to a linear differential equation. For
n =0, we get ' + p(t)z = q(t), which is clearly linear. Similarly, for n = 1, we have 2’ + p(t)x = q(t)x =
' + (p(t) — q(t))x = 0, which is also linear, in particular separable

Solution Strategy
For values of n other than 0 and 1, we employ a substitution technique to transform the Bernoulli equation
into a linear one. The key substitution is:

v=2a"" (2)

Taking the derivative with respect to t:

Rearranging to isolate z’:

R

Now, let’s substitute this into our original Bernoulli equation:

/

v n
m = —p(t)z +q(t)x
Multiplying both sides by z=™:
v n
o = PO
,Ul
o = 0 +a()

Multiplying both sides by (1 — n):

v+ (L= n)p(t)v = (1 —n)q(t)

This is now a linear first-order differential equation in terms of v and ¢. We can solve it using standard
1
methods for linear equations, then convert back to find x using the relation © = vT-n.
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Step-by-Step Solution Process
To solve a Bernoulli equation:
1. Verify that the given equation is indeed a Bernoulli equation and identify the value of n.

2. Make the substitution v = 21~ ".

w

. Derive the corresponding linear differential equation in terms of v.

4. Solve this linear equation using appropriate techniques (e.g., integrating factor method).

1
5. Convert the solution back to the original variable using x = vT-=.

Example: Solving a Bernoulli Equation
Let’s solve the following Bernoulli equation:

dr = 5 5
it I
a T

First, we rearrange it into the standard form:

= —% + t22?

Comparing with o’ + p(t)x = ¢(t)z", we identify:

1
t) =~
p(t) = 5
g(t) = ¢*
n=2
Since n = 2, we make the substitution:
v=gl"2 =gt
v =(1-2)2 % =~z

This gives us:

o = r - 2
t
70/ — B . t2
t
! v 2
v=——+t
t
Now we have a linear equation in v:
! v 2
v+ - =t
t

We solve this using the integrating factor method. The integrating factor is:
M:ef%dtzelnt:t

Multiplying the differential equation by u = t:

v +ov=1t
d 3
—(tv) =t
ﬁ<w
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Integrating both sides:

t4
tv:/t3dt:4+0

¢ Y
v=—+4 —
4
Converting back to our original variable:
P
4t
1 t

—B_,.Cc #
1t7 1tC

Therefore, the general solution to the original Bernoulli equation is:

Interesting Observation

It’s noteworthy that the constant solution x(¢) = 0 also satisfies the original Bernoulli equation. However, this
solution is not captured by our substitution method because v = ! is undefined when x = 0. This highlights
a limitation of the substitution technique—it may miss certain singular solutions.

Practice Examples

Try solving these Bernoulli equations:

1. % —x = ey

2. % = 2z — %22
3. 94 I = 5(t — 2)xt/?

4.9 43 438 =0

Homework Assignment

Part A: Bernoulli Equations

For each of the following Bernoulli equations, identify the values of p(t), ¢(t), and n. Apply the substitution
v = 7" to transform the equation to a linear form. Solve the resulting linear equation and then find the
general solution of the original equation. Include any special cases or singular solutions that may exist.

)

2. 2/ + L =ela™?

1.2/ =2z (1-

I8

3. 22 + 2 — a2 =0,t>0

4 dr _ —2t42z
Codt T 242

5.2+ L2 4 2% =0

6. % + 22 = 3a?sint
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7.

8.

9.

10.

-t

dx

& = kx(1 — 7), where k and M are positive constants

dx _ —t,.3
g tr=e 'z

te! — 3x = tzt

Part B: Conceptual Questions

Answer the following questions with clear explanations and mathematical justification.

11.

12.

13.

14.

15.

Explain why a Bernoulli equation with n = 0 or n = 1 reduces to a linear equation. Provide a specific
example of each case.

Consider the general Bernoulli equation 2’ + p(t)x = q(t)z™. Show that if 2(t) = 0 is a solution, then this
solution may not be captured by the substitution method. Under what conditions would z(t) = 0 be a
solution?

For problem 8, the equation % = kz(1 — 47) is known as the logistic equation. Discuss its applications

in population dynamics. What do the parameters k and M represent?

Analyze the behavior of solutions to the Bernoulli equation 2’ = ax — bz? (where a and b are positive
constants) for different initial conditions. What happens to the solutions as ¢t — co?

Develop a connection between Bernoulli equations and separable equations. When is a Bernoulli equation
also separable? Give an example.
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Applications of First-Order Differential Equations

In this section, we explore how first-order differential equations model various real-world phenomena. These
applications demonstrate the practical value of the mathematical techniques we’ve developed.

Application 1: Simple Population Dynamics

Population dynamics offers a natural application of first-order differential equations. Consider a population
with size P(t) at time t. When modeling population growth, we typically assume the population changes at a
rate proportional to its current size.

Let « represent the birth rate and § represent the death rate, both expressed as constants per unit time.
The net growth of the population follows:

apP

T
Where r = o — 8 represents the overall growth rate constant.
This differential equation is separable:

aP(t) = BP(t) = (a— B)P(t) = rP(t)

P

— =rP
at
P
d? =T dt
Integrating both sides:

dpP

? = /T'dt
In|Pl=rt+C

Taking the exponential of both sides:
P= ert+C — 6C’ert — Poert

Where Py = P(0) is the initial population.

Example (Mosquito Population)

The mosquito population in Martin increases at a rate proportional to the current population. Under ideal
conditions, the population doubles each week. Initially, there are 200,000 mosquitoes, and predators consume
approximately 20,000 mosquitoes per day. Find an expression for the mosquito population P(t) at time ¢
(measured in weeks).

Solution:

We can model this situation with:

Where:
e rP(t) represents growth proportional to population
e (3 represents the constant predation rate

e P(0) = 200,000 is the initial population
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First, we determine r from the information that the population doubles weekly under ideal conditions. This
means:

P(1) =2P(0) (in the absence of predation)

Poer'l = 2P0
e’ =2
r =1n(2)

Next, we convert the daily predation rate to a weekly rate:

B = 20,000 mosquitoes/day x 7 days/week
= 140,000 mosquitoes/week

Our differential equation becomes:

% = (In2)P — 140, 000

This is a linear first-order differential equation. Rearranging to standard form:

dP
—r — (m2)P = —140,000

Using the integrating factor method with u(t) = e~("2)t = 2—t.

d
—(27tP) = —140,000 - 2~¢
dt( )

27tP = —140, 000 / 27tdt+ C

-1
= —140,000- — -2t + C

In2
140, 000
=——27'+C
In2 +
Multiplying by 2¢:
140, 000
P(t) = — C -2
( ) In2 *
Using P(0) = 200, 000:
14
200,000 = 0,000 +C
In2
140, 000
C = 200,000 — —
In2
Therefore:
140, 000 140, 000
P(t) = —- 2 - — 2!
(t) o+ ( 00,000 — =2 )
140, 000 140, 000
= 2 ot - 2 -9t
02 + 200, 000 2
140, 000
= 200, 000 - 2 ’ 1-—2¢

For large values of ¢, the term 2! dominates, leading to exponential growth when 200,000 > %, or

equivalently, when the growth rate exceeds the predation rate.
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Application 2: Advanced Population Dynamics

The simple exponential growth model has a significant limitation: it fails to account for environmental con-
straints such as limited resources, space, or food. In reality, populations cannot grow indefinitely.

To address this limitation, we introduce the logistic growth model, which incorporates a carrying capac-
ity—the maximum sustainable population size that the environment can support.

The logistic growth model is given by:

Where:

e 7 is the intrinsic growth rate (growth rate under ideal conditions)

e K is the carrying capacity

e P(t) is the population at time ¢

This model has several important properties:

e When P is small compared to K, the term (1 — %) ~ 1, so % ~ rP (approximately exponential growth)
e When P = K, we have % = 0 (zero growth)

e When P > K, the growth rate becomes negative, causing the population to decrease

To solve this differential equation, we use separation of variables:

P P
“_pl1
at ( K)

dP it
=r
P
P(l-%)
Using partial fractions:
1 A n B
Pl-£y P 1-F
Finding common denominators:
1 A(1-L£)+BP
Py P
Pl-g)  P(-g)
This gives us:
P
1=A(1-—= BP
(%)
AP
1=A——+BP
i%6 +

Comparing coeflicients:

Constant terms: 1= A

+B

A 1
T with P: 0=—-— +B=——
erms wi
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Therefore, A =1 and B = %, giving:

1 1 n 1 1

Pa-f) PIEIF
1,1
P K-P
Returning to our differential equation:
dP
- rdt
P(1-%)

Integrating both sides:

/<113+Kip)dP:/rdt

In|P|—In|K — P|=rt+C
7

=rt
K_p rt + Cq

In

Taking the exponential of both sides:
P
P _ ert+C1 — 0267‘7&
P = (K — P)Cye™
P = KCQCTt - PCQ(BN/
P(l + C26Tt) = KCQBTt

p— KCQGTt
1+ Cyet
If we let Cy = K%OPO, where Py = P(0), then:
KPy

P(t) - Py + (K — Po)efrt

This solution produces the characteristic S-shaped curve associated with logistic growth.

Application 3: Newton’s Law of Cooling

Newton’s Law of Cooling describes the temperature change of an object when placed in an environment with
a different temperature. The law states that the rate of temperature change is proportional to the difference
between the object’s temperature and the ambient temperature.

Mathematically:
drl
— =k(A-TI(t
= K(A-T()

Where:
e T'(t) is the temperature of the object at time ¢

e A is the ambient temperature

e k is a positive constant that depends on the object’s properties
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This is a linear first-order differential equation that we can solve using separation of variables:

ar
— =k(A-T
] )
ar
—— =kdt
A-T
Integrating both sides:
dr
—— = [ kdt
A-T /

—n|A-T|=kt+C,
In|A—T| = —kt + C,

Taking the exponential of both sides:
’A o T’ _ e—kt+C1 _ ecle—k:t _ Cge_kt

Since typically A — T starts positive and approaches zero from above, we can remove the absolute value

signs:
A-T = Cge_kt
T =A-Coe ™
Using the initial condition T(0) = T:
To=A—-Cy
Co=A—-Tp

Therefore:
Tt)=A—(A—Tye * = A4 (T — A)e ™

Example (Coffee Cooling)

A cup of coffee has an initial temperature of 210°F and is placed in a room with a constant temperature of
70°F. After 5 minutes, the coffee temperature has dropped to 185°F. When will the coffee reach a drinkable

temperature of 160°F?
Solution:

Using Newton’s Law of Cooling:
ar

dt
With:

e Initial temperature: 7°(0) = 210F
e Ambient temperature: A = 70F
o T(5) = 185F

The general solution is:
T(t)=A+ (Ty — A)e "

Substituting our values:

T(t) = 70 4+ (210 — 70)e
=70 4 140e~*
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To find k, we use the condition 7'(5) = 185F":

185 = 70 + 140e~°*

115 = 140e~ %%
115 5
140~ ¢

115
n(=—")=—
n <140> Sk

1 115 1 140
k=—In{—)=-In(—
5 140 ) 115

160 = 70 + 140+t

Now we can find when T'(t) = 160F":

90 = 140e~ "
140 ¢

In % = —kt
140

In (115)
Evaluating this expression gives approximately ¢ ~ 9.07 minutes.
Therefore, the coffee will reach 160°F after about 9 minutes and 4 seconds.

Application 4: Single-compartment Mixing Problems

Mixing problems involve tracking the amount of a substance (solute) in a container where fluid flows in and
out. These problems are common in chemistry, environmental science, and engineering.
The fundamental principle is conservation of mass:

Rate of change of solute = Rate of solute flowing in - Rate of solute flowing out

Mathematically, if z(¢) represents the amount of solute in the container at time ¢:

dx

o TinCin — ToutCout
Where:
e 7, is the flow rate into the container (volume/time)
® ¢y, is the concentration of solute in the incoming fluid (amount/volume)
o 75 is the flow rate out of the container (volume/time)
® Cout 18 the concentration of solute in the outgoing fluid (amount/volume)

Assuming the mixture is well-stirred, the outgoing concentration equals the concentration in the tank:

Ll
out V(t)

Where V' (t) is the volume of fluid in the container at time ¢.
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Example (Salt Concentration)

Consider a fish tank that initially contains 150 liters of water with 20 grams of dissolved salt. The salt
concentration needs to be increased from % grams per liter to 1 gram per liter. Water containing 3 grams of
salt per liter flows into the tank at 2 liters per minute, and the well-mixed solution flows out at the same rate.
Find the time required to reach the target concentration.

Solution:

Let z(t) be the amount of salt (in grams) in the tank at time ¢.

Using conservation of mass:

dr o

di = TinCin — ToutCout
. . z(t)
=2 L/min x 3 g/L — 2 L/min x

150 L
2x(t)
e 6 —
150
(1)
—6—
75

This is a linear first-order differential equation:

do  x _¢
dt 75

Using the integrating factor method with u(t) = e/ s = 75,

% (e%x> = 6(37L

t

5
6e75 dt

t
eI

—6x75xem +C
= 450e7 + C
Therefore: )
x(t) =450+ Ce™ 75
Using the initial condition z(0) = 20:

20 =450+ C
C =20 — 450 = —430

So: .
x(t) = 450 — 430e” 75

We want to find when the concentration reaches 1 gram per liter:

")
150
x(t) = 150
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Substituting:

150 = 450 — 430e~ 75

—300 = —430e~ 7
300 .
— = 5
430

b (200Y ¢
430 ) 75

300
t 751n (43()) 75 n(

Calculating this gives approximately t &~ 28.83 minutes.

Therefore, it will take about 28 minutes and 50 seconds to reach the desired salt concentration.

Homework Assignment

Solve the following application problems.

430
300

)

1.

Show how the general solution of Newton’s Law of Cooling differential equation is derived. Show all steps

from the differential equation % = k(A —T(t)) to the general solution T'(t) = A — (A — Ty)e .

dzx

. Suppose a population satisfies the differential equation %% = (0.5 +sint)a:

(a) If (0) = 1, find the time at which the population doubles.

(b) Choose another initial condition and determine whether the doubling time depends on the initial
population.
(c) If the growth rate is replaced by its average value 0.5, determine the doubling time.

(d) If the term sint is replaced by sin(2nt), what effect does this have on the doubling time?

An ice-cold drink at 35°F is taken out of a 35°F refrigerator and placed in a room at 75°F. After 10
minutes, the drink has warmed to 45°F. What will the temperature be after 30 minutes? Create a graph
showing the temperature over time.

Consider a tank containing 200 liters of water with 50 grams of dissolved salt. The salt concentration
needs to be decreased to 0.1 grams per liter. Fresh water flows into the tank at 2 liters per minute, and
the mixture flows out at the same rate. How long will it take to reach the target concentration?

. A tank initially contains 200 liters of water with 50 grams of salt. Fresh water flows in at 1.5 liters per

minute, but due to a leak, water drains at 2 liters per minute. Will the concentration ever reach 0.1 grams
per liter before the tank empties? If so, when?

Page 9



Differential Equations I (Math 330)

Course Notes: Introduction to Second-order Differential Equations

Dr. Shalmali Bandyopadhyay

Department of Mathematics € Statistics



Math 330: Differential Equations I

Introduction to Second-order Differential Equations

We now examine differential equations expressed as:
2"(t) = F(t,z,2)

where F' is some function. These are known as second-order differential equations.

Key Definitions

Linear Equation: A second-order differential equation is considered linear if it can be written in the standard
form:

2+ p(t)a’ +a(t)z = £

where p, ¢, and f are functions of t.
Homogeneous Linear Equation: A linear equation is homogeneous if f(¢) = 0, which gives us:

2" +p(t)z' + q(t)zr =0

General Theory of Homogeneous Linear Equations
For this section, we’ll primarily focus on linear second-order equations of the form:
2" +p(t)a’ +q(t)z = f(t)
We typically approach the solution by breaking it into two components, similar to how we would split the
function f(t) into f(¢) + 0.
Important Definitions

Associated Homogeneous Equation: For any linear second-order equation, there is an associated homoge-
neous equation:
2" +pt)z' + q(t)z =0

The general solution to this equation is denoted as x; and referred to as the homogeneous solution.
Particular Solution: There is also a particular solution x, to the complete equation:

o+ p(t)a’ + q(t)x = f(t)

The Superposition Principle

Theorem (Superposition Principle):
If xp, is a general solution of:
" + p(t)z' + q(t)z =0

and x, is any solution of:
2"+ p(t)2’ + q(t)z = f(t)

then the sum x = zj, + x,, is a general solution of:

o+ p(t)a’ +q(t)z = f(t)

Lemma:
If 1 and x5 are both solutions of:

o+ p(t)a’ +q(t)z = f(t)

then Axq + B is also a solution for any constants A and B.
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Example 1

Let’s verify that z1(t) = e’ and 22(t) = €' are both solutions of the differential equation:
2" =32+ 22 =0

And then confirm that their linear combination z = Az + Bz is also a solution.

For z; = e:
rh =
o =eél
o — 32 4+ 22 = €' — 3e' + 2" = 0v
For x5 = €%
xh = 2¢2t
zh = 4e?

zhy — 3 + 2xy = 4e* — 3(2e*) + 2% = 0v
For the linear combination z = Aet + Be?t:

' = Ae! + 2Be*
2" = Ae! + 4Be*
2" — 32" 4 22 = (Ae' + 4Be?) — 3(Ae! 4 2Be*) + 2(Ae' + Be*)
= (A—3A+2A)e’ + (4B —3(2B) +2B)e* =0

Finding Solutions and the Wronskian

How can we systematically find solutions like 21 and x5 from the previous example? And how do we know
when we’ve found all the necessary solutions?

Definition (Wronskian):
If 21 and 25 are solutions of the second-order linear homogeneous equation z” + p(t)z’ + q(t)x = 0, then the
determinant:

W (21, 29)(£) = det (ii 8 28) = 21 () 2h(t) — 22(D), (1)
is called the Wronskian of the functions z; and x».
(Note: The concept of a Wronskian can be extended to higher-order equations.)
Theorem:
If 21 and x9 are two solutions of 2" + pz’ + ¢ = 0, and their Wronskian x12}, — z92) is non-zero for all values
of t, then x = Cyx1 + Cyx9 represents a general solution of z”/ + px’ + ¢ = 0.
Definition (Fundamental Solution Set):
A pair of solutions {x1,x2} of the equation z” + px’ + ¢ = 0 satisfying W (x1,x2) # 0 for all values of ¢ in an
interval where the coefficient functions are continuous, is called a fundamental solution set in that interval.

Example 2

Let’s verify that {ef,e?'} forms a fundamental solution set for the differential equation 2 — 32’ + 22 = 0.
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o et o2t
Wie', e“") = det
( ’ ) et 2e2t
— ol .92 _ 2t ot

— 263t o e3t

_ 3t

Since €3 # 0 for all t € (—00, o), we can confirm that {e’, e*} is indeed a fundamental solution set for the
differential equation across all real numbers.

Practice Examples

Determine whether the given pairs of functions form a fundamental solution set for some linear second-order
equation by computing the Wronskian and applying the appropriate theorem.

Homework Assignment

Determine whether each of the following equations is linear or nonlinear in the dependent variable x. If it is
linear, state whether or not it is homogeneous.

1. 2" +t' +t2x =0

2. o 4+ 22 +ta? =2t + 1

3. 2" +sin(t)z’ — cos(t)x =
4. 2" — 22’ +sin(t) =1

5. 2" —xa' +2t =0

Two functions z; and zg are given. Compute the Wronskian, W (x1,x2), and determine whether or not
{z1,x2} form a fundamental solution set for some linear second-order differential equation.

6. I t :3t—5, (L‘Q(t)zgt—15

7. :L'lt

10. 21(t) = eMcos(ut), v2(t) = eM sin(ut). Are there any restrictions that need to be placed on A or x in order
to guarantee a fundamental solution set? (think similar to the restriction imposed on 71, r2 in problem 8)
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Homogeneous Linear Second-order Differential Equations with Constant
Coefficients

We now consider differential equations of the form:
az” (t) + ba'(t) + cx(t) =0 (1)
for constants a # 0, b, and c.
What functions seem reasonable when considering constant multiples of the function and its derivatives are
to be added and should cancel out to zero?

Examining Polynomial Functions

Let’s consider a specific quadratic function, z(t) = t2 +t + 1:

() =t*+t+1 (2)
P(t)=2t+1 (3)
a(t) =2 (4)
Substituting into the differential equation:
az” 4+ bx' + cx = a(2) + b(2t + 1) + c(t* +t + 1) (5)
= ()2 + (2b+ )t + (2a+ b+ ) (6)
For this to equal zero for all ¢, we need:
c=0
20 +c=0 (7)
2a+b+c=0

This system yields only the trivial solution a = b = ¢ = 0, which is no longer a second-order differential
equation. This suggests polynomials aren’t generally solutions.

Examining Exponential Functions

Let’s try a general exponential function, x(t) = e":

z(t) = e (8)
2 (t) = re" (9)
2" (t) = e (10)
Substituting into the differential equation:
ax” 4+ ba’ + cx = a(r?e™) + b(re™) + c(e™) (11)
= e (ar? +br +¢) (12)

For this to equal zero, we need ar? + br 4+ ¢ = 0. This is a quadratic equation in 7 that can typically give
us two values of r that yield a fundamental solution set.

The Characteristic Polynomial
Definition (Characteristic Polynomial): The polynomial P(r) = ar? + br + c is called the characteristic
polynomial of the differential equation:

az” (t) + ba'(t) + cx(t) =0 (13)

Our goal is to find the roots of this polynomial and translate them into solutions of the differential equation.
We classify the solutions based on the discriminant K = b? — 4ac.

Page 2



Math 330: Differential Equations I

Case 1: K > 0 (Distinct Real Roots)

When K > 0, the characteristic polynomial yields two distinct real roots, r; and ro, where ry # ro.
The exponential functions x1(t) = e™! and xo(t) = ™! are two solutions of the differential equation.
To verify they form a fundamental solution set, we compute the Wronskian:

67‘1t eTgt
W(eﬁt’ erzt) = det, <7“1€T1t T26T2t> (14)
= et poem2t — 2t et (15)
= (’)"2 — Tl)e(r1+r2)t (16)

Since r1 # ro, we have W #£ 0 for all ¢, confirming these form a fundamental solution set.
The general solution to the differential equation is:

z(t) = Cre™t 4 Coe™! (17)

where C7 and Cy are arbitrary constants.

Case 2: K =0 (Repeated Real Root)

When K = 0, the characteristic polynomial yields one repeated real root 7, where ¥ = —% or 2ar +b = 0.

The exponential function z;(t) = €™ is one solution, but we need a second linearly independent solution.
Let’s try xo(t) = te'™:

zo(t) = te™ (18)
zh(t) = ™ + Fte™ (19)
ah(t) = 27e™ + Ftem (20)

Substituting into the differential equation:
" / _ — 7t —2, 7t 7t — Tt Tt
axy + bry + cxo = a(2re™ + 7te™) + b(e" 4 rte’) + c(te”) (21)
= " (2a7 + b) + te™ (a? + b7 + ¢) (22)
Since 2a7 + b = 0 and a7? + bF + ¢ = 0 (as 7 is a root of the characteristic equation), this expression equals

zero, confirming xo(t) = te’ is also a solution.
To verify these form a fundamental solution set, we compute the Wronskian:

W(e™, te™) = det (_ev’; L ,t> (23)
re et + rte

=™ (e 4 Fte™) — te - el (24)

= ¥ 4 e — tre®t (25)

— 627*t (26)

Since 2™ # 0 for all ¢, these functions form a fundamental solution set.
The general solution to the differential equation is:

z(t) = Cre™ + Cote™ (27)

where C1 and Cy are arbitrary constants.
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Case 3: K <0 (Complex Conjugate Roots)

When K < 0, the characteristic polynomial yields a complex conjugate pair of roots, a £ 3.

The complex exponential functions z1(t) = e(@#) and zy(t) = (@Bt are solutions to the differential
equation.

To find real solutions, we use complex analysis to obtain:

e cos(t) (28)
e sin(3t) (29)

T (t)
T2 (t)

We can verify these form a fundamental solution set by computing the Wronskian:

W (e cos(Bt), e sin(Bt)) = e cos(Bt) - (™ B cos(Bt) + ae® sin(Bt)) (30)
— e sin(Bt) - (—e™ Bsin(Bt) + ae™ cos(Bt)) (31)
— BeQat (32)

Since 8 # 0 (as the roots are complex), W # 0 for all ¢, confirming these functions form a fundamental
solution set.
The general solution to the differential equation is:

z(t) = Cre™ cos(Bt) + Cae™ sin(St) (33)

where C7 and Cy are arbitrary constants.

Examples
Find the general solution to each of the following differential equations:
1. 22" — 62" +4x =0

2. 22" -3z =0

&

2 —6x' +9x =0

e

2+ 22 —x =0

5. 36z + 122’ + 372 =0
6. 2" +4x =0

7. 2" -2 — 22 =0

Equations of Order Greater Than Two
Consider the general higher-order equation:
ant™ 4+ ap_12™ ™V o a2’ +agr =0 (34)

This is a homogeneous linear equation with constant coefficients. To solve it, we again use the characteristic
polynomial:
P(r) = anr™ + an_1r™ ' - 4 a1 + ag (35)

Assuming the coefficients are real numbers, P(r) has exactly n roots and can be factored into linear and
irreducible quadratic factors. Linear factors correspond to real roots and exponential solutions. Irreducible
quadratic factors correspond to complex conjugate pairs of roots and exponential-trigonometric solutions.

The multiplicity of a root corresponds to the ”degree minus 1”7 of the coefficient of the solution, and both
real and complex roots can have multiplicities.
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Examples
Find the general solution to the differential equations having the following characteristic polynomials:
1. Pr)=(r=1)(r+2)(r —3)(r+4)
2. P(r)=r3(r2 +1)(r* - 9)
Find the general solution to each of the following differential equations:
7.2W — 2@ g —a — 22 =0

8. " —3z" — 132" + 152 =0

Homework Assignment
Find the general solution to the differential equations having the following characteristic polynomials:
1. P(r) =7r(r—1)>2(r%+3)*
(r)
(r)
)

4. P(r) =18 —2r7 496 —p4 1 293 — 2

2.

)

r2(r — 11)3

3.

g

(r? — dr +13)%(r? — 61 + 34)

Find the general solution to each of the following differential equations.
1. —2" 4+ 42’ =0
2. 2" +62'+92 =0
3. =32 4+32" =22 =0
4. 32" — 82 +2x =0
5. 2203 — 132" + 242’ — 9z =0
6. 21z™ +2220) — 992" — 722’ + 282 = 0
7. 20 — 52 — 520) 4 252" + 402" + 162 = 0
8. 2 4+ 122® 4+ 4823 + 642 =0
9. 22 + 20 — 352”7 — 1132 + 652 = 0

10. 2 +3203) — 192" + 272 — 2522 = 0
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Method of Undetermined Coefficients

This section examines differential equations in the form:
ax” (t) + b2’ (t) + cx(t) = f(t)

Where a # 0, b, and ¢ are constants, and f(t) takes specific forms. This technique can be extended to
higher-order equations with minimal modifications.

Example 1

Let’s analyze the differential equation:
" + 4z’ + 4z =273

Applying the Superposition Principle discussed previously, we can approach this as:
2 4 4x' 4+ 4z =0+ 273
First, we need the homogeneous solution xp(t) by solving:
2 + 42’ + 42 =0

Using our techniques from last week, we find zp,(t) = Cre 2! + Cote 2.
Next, we need to determine a particular solution z,(t) to:

2 + 4z + 4x = 2e7 3

3t

For the particular solution, what form should we guess? Since the right side contains e™*, a reasonable

guess would be:
zp(t) = Ae” 3

Let’s verify this works by finding the specific value of coefficient A:

Zh(t) = —3Ae?

zp(t) = 9Ae 3

Substituting into our equation:
o’ + 42’ +4x = 9Ae™3 + 4(—3A4e73) + 4(Ae)
= (94 — 124 + 4A)e™3

= Ae™¥

Since we need Ae 3! = 2e73! we get A = 2.
Therefore, z,(t) = 2¢73¢.
The general solution is:

z(t) = xp(t) + 2p(t) = Cre™ 2 + Cote ™ + 273
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Example 2

Consider the differential equation:
2’ + 42" + 4z = 2cost

We again use the Superposition Principle with the same homogeneous solution. For the particular solution,
let’s try:
xp(t) = Acost

Taking derivatives:

Substituting:

2" + 42’ + 4z = (—Acost) + 4(—Asint) + 4(Acost)
= —4Asint + 3Acost

This doesn’t match our target 2cost since we need both —4Asint = 0 and 3A cost = 2cost, which can’t
be satisfied simultaneously. Our guess was insufficient.
Let’s try a more general form:
xp(t) = Acost+ Bsint

Taking derivatives:

2, (t) = —Asint + Bcost
2/(t) = —Acost — Bsint
Substituting:

2" +42' + 4x = (—Acost — Bsint) + 4(—Asint + Bcost) + 4(Acost + Bsint)
= (—A+4B+4A)cost+ (—B —4A + 4B)sint
= (3A+4B)cost + (—4A + 3B)sint

For this to equal 2 cost, we need:

3A+4B =2
—4A+3B =0
Solving this system:

~4A+3B=0 = B:Zl;l

3A+4<4;1) =2

164
4 194,
9A+164 _
==
2
»nA_,
3

_ 6 __ 8
Therefore A = 25 and B = 55 -

The general solution is:

6 8
z(t) = Cre 2 + Cyte 2 + %5 cost + %5 sint
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Example 3

Now consider:
2+ 47 +4x = e

This case requires special attention! Notice that e~2! is already a solution to the homogeneous equation, so
our usual guess z,(t) = Ae~? won't work.
When the forcing function matches a solution of the homogeneous equation, we multiply by ¢ to create a

new form:
x,(t) = Ate™*

However, te~% is also a solution to the homogeneous equation, so we need to multiply by ¢ again:
z,(t) = AtPe™
Let’s verify this works:

(1) = 2Ate™ — 2A%e 7 = 2A1(1 — t)e

X

ah(t) = 2A(1 — t)e " + 2At(1 — t)(—2)e > + 2A(—1)e >
=2A(1 —t)e 2 —4At(1 —t)e 2 — 247 %

=247 — 2Ate " — 4At(1 — t)e ' — 247 %

= 2Ate™* —4At(1 —t)e H

Substituting into our equation:
o’ +da’ +dx = [2Ate™ — 4AL(1 — t)e ] + 4241 — t)e 2] + 4[At?e ]
After simplification (which involves some algebra), we get:
" + 4z’ + 4z =247 %

Since we need 24e~2 = ¢~ 2* we find A = 1

5-
The general solution is:
1
x(t) = Cre 2 + Cyte 2 + 515267215

Example 4

What happens when we combine forcing functions?
2" + 42’ + 4z = 2e 73 + 2cost + e
For this type of equation, we can find the particular solution for each term separately and add them together:
1. For 2e73%: 2, (t) = 23
2. For 2cost: zpa(t) = 2% cost + 2% sint
3. For e™: xy3(t) = 3%

The complete general solution is:

6 8 1
z(t) = 016_2t + Cgte_% + 273t %5 cost + % sint + §t26_2t
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Method of Undetermined Coefficients: Quick Reference

Function, f(t) Form of z,* Sample f(t) | =, used
Exponential ae’ Ael? 5e2t Ae=?

Polynomial (degree n) | Ag + Ayt +---+ Apt™ | 1+ 2t — 7t | A+ Bt + Ct? + Dt3
asin(bt) + /3 cos(bt) Asin(bt) + B cos(bt) —2cos(5t) | Acos(5t) + Bsin(5t)

*Note: If z) is a solution of the associated homogeneous equation, then use tk:cp where k is the smallest
positive integer such that tkl‘p is not a homogeneous solution.
Are there other function types missing from this table that we should consider?

Additional Examples
Find the general solution to the following differential equations:
1. 2" — 22’ — 3x = 3e*

2. 2" — 22" —3x = —3te”t

—t

3. 2" + 2’ + 42 = 2sinh t, Hint: sinht = et_;
Find the solution to the following initial value problems:
7. 2"+ —2x=2t,2(0) =0, 2/(0) =1
8. 2" —22 +x=te'+4,2(0)=1,2'(0)=1
Example 5
Let’s examine a higher-order differential equation:
2@ — 32" — 8z = sint
First, we need the homogeneous solution by solving:
W — 32" —8x =0

The characteristic equation is r* — 3r2 — 8 = 0, which gives us:

3441 _ . /3+v4a1 /3—v41 _ . /3=v41
iL‘h(t) = (e 2 t—|-02€ \/Tt—I—C?,e 2 t+C4€ 2 !

Since i (from sint = Im(e®)) doesn’t match any roots of the characteristic polynomial, our particular
solution takes the form:

xp(t) = Acost + Bsint

After substituting into the equation and solving for coefficients, the general solution is:

3+vA41 _ . /3+Vv41 /3—+A41 _ . /3=vA41
z(t) = Cre 2 L4 Cye > Ly Cse 2 4 Oye > !
+ Acost + Bsint

where A and B are the determined coefficients.
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Homework Assignements
Find the general solution to the following differential equations:
1. 2" + 22 + 5z = 3sin(2t)
2. 2" + 22" =3+ 4sin(2t)
3. 2" +22 +x=2e"
4. 2" + 9z = t2e¥ + 6
5. 22" + 32’ + 2 =%+ 3sint
6. 2" +x = 3sin(2t) + t cos(2t)
7. 2" + wiz = cos(wot)

8. 2 — ' — 2z = cosh(2t), HINT: cosht = et+2@ﬂ

9. 2" — 2" + 2z =sint
10. 22" + 32" + 2’ — 6x = 7!
11. 2" + 2" — 22 = tet
Find the solution to the following initial value problems:
1.2 —2=1,2(0)=0
2. 2" +x =27t 2(0) =0, 2/(0) =0
3. 2" — ' — 2z = cost —sin(2t), 2(0) = — &, 2/(0) =
4. z" —z =sint — e*, 2(0) = 1, 2/(0) = —1

5. 2’ + 4z = 3sin(2t), 2(0) = 2, 2/(0) = —1
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Method of Variation of Parameters

This technique addresses differential equations of the form:

2" (t) + p(t)a' (t) + q(t)z(t) = f(2)

Where p, ¢, and f are functions of ¢. While this approach can handle the same problems as the Method
of Undetermined Coefficients from the previous section, it’s more versatile and applies to a broader range of
forcing functions f(t). The method extends to higher-order equations, though that requires additional linear
algebra background, so we’ll focus on second-order equations here.

General Method

We begin with the general solution to the homogeneous equation (which is straightforward for constant coeffi-
cients and can be computed numerically otherwise):

Sch(t) = Clxl(t) + CQ:EQ(t)
For convenience, we’ll abbreviate this as:
xp = Crz1 + Cozo

Where {1,292} forms a fundamental solution set for the homogeneous equation (when f(¢) = 0). The key
insight of this method is to assume the particular solution has the form:

Tp = V121 + V2X2
Where v; and v9 are non-constant functions of ¢ that we need to determine. Since we have two unknown
functions, we need two conditions they must satisfy.
Condition 1:
Let’s examine the derivative of x;, using the product rule:
x; = lell + vi:r:l + vgx’Q + ’Ué:l’,'g
To simplify our work with :1:;O and mg , we impose the first condition:
Uixl + ’Ué.TQ =0

This simplifies the derivative to:

! / /
T, = V1T] + V2Ty

Condition 2:

Now we find ac;’ based on our first condition, again using the product rule:

"no__

Lp

le’f + U’lx’l + vgxg + véx’Z
Substituting ), a:;, and xg into our differential equation, and recalling that x; and x5 are solutions of the
homogeneous equation, we get:
x;’ + p:c]’D + qzp = (n12] + V2] + verh + v5xh) + p(viT) + vaxh) + q(vizy + vors)

= vi (2] +pa| + qu1) + va(ag + ph + qu2) + 01z + vpah
= v1(0) + v2(0) + vz} + vhah
= v’lxll + véxé
= f(t)

This gives us our second condition:

vizh + e = f(1)
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Solving the System

We now have two equations for the derivatives of our variables v} and v}:

vixy + vhre =0
vy + vpry = f(t)

While any method for solving this system works, Cramer’s Rule provides the clearest approach:

0 xI9
o = foay)  —aof  —aof
1 1 To rixh —xoxy  Wi(xy,x2)
Ty T
T 0
ol = xll f _ r1f o 1 f
27 oy ao|  amiah —aoxt T W(my,x9)
Ty T

Note that since {z1, 22} is a fundamental solution set, the Wronskian W (x1, z2) is nonzero. This gives us
formulas we can integrate to find v; and wvo:

Example 1

Let’s solve the differential equation:

2 +x =tant

First, we solve the homogeneous equation z” + x = 0 to get the general solution z(t) = Cy cost + Cysint.
Let’s set x1 = cost and x5 = sint.

The Wronskian is:

cost sint

Wicost,sint) =\ . .,

= (cost)(cost) — (sint)(—sint)

= cos?t +sin’t =1

Now we can apply our formulas:

oy — / —(sintl)(tant) it

)
—sin“t
:/ dt
cost

=sint — In|sect + tant|

[ (cost)(tant)
Vo = / fdt

= /sintdt

= —cost
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Substituting back into our particular solution:

Tp = v1T1 + V22
= (sint — In|sect + tant|)(cost) + (— cost)(sint)
=sintcost —costln|sect + tant| —sintcost

= —costln|sect + tant|
Therefore, the general solution is:
x(t) = Cycost+ Cysint — costln|sect + tant|
Note: If we include the constants of integration in v; and wve, we can derive the general solution directly

without explicitly using the superposition principle.

Practice Examples
Solve the following differential equations using variation of parameters:
1. 2" — 52’ + 6z = 2¢!

2. 2"+ 22" +x=3e"t

Homework Assignment
Solve the differential equations using variation of parameters:

1. 2" + 4z = tan(2t)

2. 2" =2 +x=t"1et

3. 2 + 16z = sec(4t)

4. 42" — 4z’ + z = 16¢t/2

5. 2" +x =sect

6. %x” + 2z = tan(2t) — %et
7. 2" +x =sect

8. 2" + 9x = sec?(3t)

9. 2" + 42" + 4z = e 2 Int
Extra Credit Problems:

1. 2"+ 2 =3sect —t2 +1

2. 2" -2+ —x=et
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The Cauchy-Euler Equation

In this section, we examine differential equations of the form:

at’x” + btx' +cx =0

a:”—i—(Z) %m’—i—( §2>m—0

This reframing helps us observe that we’ll only consider solutions away from ¢t = 0. Also, since a # 0, we

can always divide by it.

We can rewrite this slightly as:

Variable Transformation Technique

The technique we’ll use—transforming our independent variable—is powerful and appears frequently in differ-
ential equations, statistics, and other mathematical disciplines.

Let’s set:
s=1Int
Then:
t=e¢® and @:1:6_8
a t
If we define Y (s) = z(t), then we must use the chain rule to differentiate Y as a function of ¢:

d d dY ds
/ = — = — Y — Y/ —$
2(0) = Zlr)] = SV (s0) = T2 = V(s)e
Continuing with this approach and applying the product rule:

2(t) = S al(0)

d oy
= S (5)e™)

d, ., . _sds
= a(y (s)e )E

= [V (s)e* + Y/(5)(—e e
= Y (s) = Y(s)
When we substitute these expressions for z, 2/, and z” back into our original equation, we get:
at* e 2 (Y"(s) = Y'(s5))] + bt[Y'(s)e ] + c[Y(5)] = 0
a(e®)[e™ > (Y"(s) = Y'(s))] + b(e”)[Y'(s)e ™™ + c[Y (s)] = 0
alY"(s) = Y'(s)] + b[Y"(s)] + c[Y ()] = 0

This simplifies to:

aY"(s)+ (b—a)Y'(s)+cY(s) =0

Now we have a constant-coefficient second-order differential equation with the characteristic polynomial:

Q(r)=ar’+ (b—a)r+c

Determining the Solutions

The solutions of this equation give us Y'(s) = €"¥, where r is a root of Q(r). Recalling our transformation:
rs rint

e’ =ce ="

We have similar results for other types of solutions (repeated roots and complex pairs).
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Solution Summary

Discriminant Roots of Q(r) General Solution

K = (b—a)? —4ac >0 Two real roots, 71 # 1o x(t) = C1t" 4 Cat™
K = (b—a)?> —4ac=0 Single real root, r (mult 2) z(t) = C1t" + Co In(t)t"
K = (b—a)?>—4ac <0 Complex pair,r =a+#i x(t) = C1t%cos(BInt) + Cot®sin(BInt)

Practice Examples

Solve the following differential equations for ¢ > 0:
1. 22" + Tt — T2 =0
2. 122" + 5ta' + 42 =0

3. 22" + Tta' + 52 =0, z(1) = -1, 2/(1) = 13

Homework Assignment
Solve the following differential equations using the Cauchy-Euler method for ¢t > 0:
1. t22" +2tx’ — 62 =0
2. :L‘”—I—%;r’%—;%x:O
3. 9t%2" + 15ta’ + 2 =0
4. 22" — 3tz' +4x =0

5. t22" —dta’ + 42 =0, z(1) = -2, 2/(1) = —11
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Differential Equations: Inverse Laplace Transforms & Partial
Fractions

Shalmali Bandyopadhyay

Understanding Inverse Laplace Transforms

Having established our table of Laplace transforms, we now require a method to reverse the process—converting
functions from s-domain back to the original t-domain. This reverse operation, known as the Inverse Laplace
Transform, allows us to obtain explicit solutions to differential equations.

While the theoretical computation of inverse transforms involves complex contour integration, our prac-
tical approach will focus on manipulating expressions in the s-domain to match patterns from our Laplace
transform table. We can then ”read backward” from the table to determine the corresponding time-domain
function.

To facilitate this process, we need to master partial fraction decomposition—an algebraic technique that
breaks complicated rational expressions into simpler components that directly correspond to known inverse
Laplace transforms.

Fundamentals of Partial Fraction Decomposition
ggz; where the degree of P(s) is less than the degree of Q(s).
Our goal is to express this function as a sum of simpler rational expressions.

The foundation of this technique relies on the fundamental theorem of algebra, which guarantees that
any polynomial with real coefficients can be expressed as a product of:

Consider a proper rational function X (s) =

e Linear factors of the form (s — r) where r is a real root
e Irreducible quadratic factors of the form (as? + bs + ¢) where b — 4ac < 0

Thus, our denominator @(s) can be written as:
Q(s) = (s —r1)™ -+ (s — 7)™ (a18> + bis + 1) -+ (s + bys + )™

Each factor in this representation requires a specific decomposition approach.

Three Essential Decomposition Patterns

Pattern 1: Non-repeated Linear Factors

When Q(s) contains a non-repeated linear factor (s — r), the partial fraction expansion includes a term of
the form:

A

sS—T

Here, A is a constant coefficient we must determine. This form corresponds directly to the inverse
transform Ae™.



Pattern 2: Non-repeated Quadratic Factors

For each irreducible quadratic factor (as? + bs + ¢) appearing in Q(s), the decomposition contains a term of
the form:

As+ B
as? +bs+c

The numerator has this specific linear form to accommodate both sine and cosine terms that will appear
in the inverse transform.

Pattern 3: Repeated Factors

When factors appear with multiplicities greater than one, additional terms are required:

e For a linear factor (s — )" with multiplicity m, we include the series:

A L+ +L
s—r (s—7)2 T (s—r)m

e For a quadratic factor (as? + bs + ¢)™ with multiplicity n, the expansion contains:

A18 + Bl AQS + BQ + Ans + Bn
as?+bs+c  (as2+bs+c)2 7 (as?+bs+c)”

Solving for Coefficients

To determine the unknown coefficients in our decomposition, we combine all terms under a common de-
nominator and compare the resulting numerator with the original P(s). This comparison yields a system of
linear equations that can be solved to find all constants.

The number of coefficients to determine equals the degree of the denominator polynomial Q(s), ensuring
a well-defined system.

Converting to Standard Form for Inverse Transforms

After obtaining the partial fraction decomposition, we often need additional algebraic manipulation to match
forms in our Laplace transform table.

Working with Repeated Linear Factors

When dealing with terms like ﬁ7 we need to recognize that the corresponding inverse transform takes

the form:

To match our table’s format, we rewrite:

A Ak — 1) C

(s—r)F  (k—1Dl(s—r)F (s—r)k

where C' = ﬁ, yielding the inverse transform CtF~1le™.



Working with Quadratic Factors

For terms involving irreducible quadratic factors, we complete the square in the denominator to obtain the
standard form:
As+ B C(s—a)+Dp

as? +bs+c  (s—a)2+ (2

4ac—b?
4a2

The corresponding inverse transform becomes:

1 [C(s—a)+Dp
£ {(s—a)2+ﬁ2

—_ _ b _
where a = —5- and =

} = e™(C cos(ft) + Dsin(Bt))

Illustrative Examples
Determine the inverse Laplace transform of each expression using partial fraction decomposition:

2s
1. s2—2s+5

9 54783+282+2
' s3(s2+1)

3 5s°—395%+145—32
©(s241)(s2—=7s5+10)

5243
4. s3—s24+s—1

Homework Assignment

For each of the following rational functions, apply partial fraction decomposition to find the corresponding
inverse Laplace transform:

1. —2

$2+65+9
—254+7

2. §2—5—2

3 —s2 425411

* (s—1)(s2+6s+5)

4 25%—Ts+7
© (s—3)(s%2—4s+5)

5 3s°+10s%—4548
: s3(s2+4)

6 534852415512
© s(s3+4s2+s5—6)



Differential Equations: Solving IVPs using Laplace Transforms

Shalmali Bandyopadhyay

Solving IVPs using Laplace Transforms

Now that we have a Laplace transform table and the ability to “undo” the Laplace transform, we can now solve differential
equations using this method.

1. Apply the Laplace transform to our given IVP.
2. Solve the new equation for F'(s).

3. Find the inverse Laplace transform via table look up and partial fractions.

Examples

Solve the given IVP using the Laplace transform method.
Example 1: 2" —22'+52=0, z(0)=2, 2/(0)=4

Proof. First, apply the Laplace transform to the differential equation:
L{z" — 22" 4 5a} = L{0}

Using the Laplace transform properties:

52X (s) — sx(0) — 2'(0) — 2[sX (s) — x(0)] +5X(s) =0

Substitute the initial conditions z(0) = 2 and 2’(0) = 4:
$2X(s) — 25 —4—2[sX(s) — 2] +5X(s) =0

Simplify:

To find the inverse Laplace transform, we complete the square in the denominator:

§2—2s+5=(s—1)*+4

So we have:
X(s) = (s—i)82+4 B (s — 12)82+22
We can rewrite this as:
-2
2(s—1) 2

- s—12+22+ s—1)2 4 22
(



Using Laplace transform pairs:

_ S—a a
L ! {(3—0,2—|—b2} =e tCOS(bt)

= ¢ sin(bt)

With a =1 and b = 2, we get:

z(t) = 2’ cos(2t) + e’ sin(2t)

Example 2: 2" +62’+92=0, «2(0)=-1, 2/'(0)=6
Proof. Apply the Laplace transform:

L{z" + 62" + 9z} = L£{0}

Using the Laplace transform properties:

s2X(s) — sx(0) — 2/(0) + 6[s X (s) — 2(0)] + 9X(s) =0

Substitute the initial conditions x(0) = —1 and z’(0) = 6:

$2X(s)+5—6+6[sX(s)+1]+9X(s) =0

Simplify:
$2X(s) +5—64+65X(s)+64+9X(s)=0
s2X (5) 4+ 65X (s) + 9X(s) = —s
X(s)(s* +65+9)=—s

s
X _
We can rewrite this as:
—s
(s) (s+3)2
_ S +3-3
(s +3)2
s+ 3 3

Using Laplace transform pairs:

With a = —3, we get:



Example 3: 2" +x=t>+2, 2(0)=1, 2/(0)=-1
Proof. Apply the Laplace transform:

L{z" 4z} = L{t* + 2}

Using the Laplace transform properties:

X (5) — sw(0) — a'(0) + X(5) = 5 + >
Substitute the initial conditions z(0) = 1 and 2/(0) = —1
2X(5) — 5 — (—1) + X( ):S%Jrg
Simplify:
$2X(s) — 5+ 1+ X(s) :833+§

2 2
X(s)(82+1):8—3+;+s—1

We need to find a common denominator on the right side:

2 2
2 252 st 0§
TetE e
24252 45t — g3
53

Solving for X (s):

2425245t -3
X(S) = 83(82 + 1)

Let’s decompose this into partial fractions. After solving for the coefficients, we get:

1+ 1 " s—1
s o83 241

Using Laplace transform pairs:

Combining these results:

z(t) =1+ 0l + cos(t) — sin(t)



Homework Assignment
Solve the given IVP using the Laplace transform method.
12" —2'—2x=0, z(0)=-2, 2/(0)=5
" + 62’ + 5z = 12¢, x(0)=-1, 2/(0)=7
2 — 42’ +5r =4e3, x(0)=2, 2/(0)=7
o e =412 — 4t +10, 2(0)=0, 2/(0)=3
" + 42" + 2’ — 6z =-12, z(0)=1, 2/(0)=4, 2"(0)=-2
2 + 2"+ 32 —br =16e"t, z(0)=0, 2'(0)=2, 27(0)=-4
" 4+ 9x = 6sin(3t), z(0)=0, 2 (0)=0
o + 4’ + 4z =2, 2(0)=2, 2/(0)=-3
x + 2z’ 4+ 5z =te"tcos(2t), z(0)=0, 2/(0)=0
2" —32" + 32 —x =13, 2(0)=0, 2'(0)=0, 2”(0)=0

© X N> e W N

,_.
e



Differential Equations: Numerical Methods

Shalmali Bandyopadhyay

Introduction to Numerical Approximations

When analytical solutions to initial-value problems (IVPs) are difficult or impossible to find, we turn to nu-
merical methods. These techniques provide approximate solutions at discrete points for problems of the form:

y't)=fty), ylto) =yo (1)
A numerical method generates a sequence of points:
{(to, v0), (t1,91)s - -+, (En, yN) } (2)

where t; = to + jAt and y; approximates the true solution value at ¢;.

Euler’s Method

FEuler’s Method is the simplest numerical approach, using a linear approximation based on the derivative at
each step.
Algorithm for Euler’s Method

Given 3y = f(t,y), y(to) = yo, to find approximate values on [tg, tmaz]:
1. Choose step size At = W with N a positive integer
2. For 5 =0,1,..., N — 1 compute:
e yir1 =y; + f(t5,y;)At
o tj1 =t; +At
3. The points (t;,y;) form a piecewise linear approximation to y(t)

Example: Euler’s Method
Let’s approximate the solution to y' =t + y, y(0) = 2 on [0, 1] using At = 0.25 (so N = 4).

ot Yj ft,95) =t +y; Y1 =y + f (G5, y;) At

0 0 2 0+2=2 y1=2+2-025=25

1 025 2.5 0.25+2.5 = 2.75 Yo = 2.5+ 2.75 - 0.25 = 3.1875

2 05 3.1875 0.5+ 3.1875 = 3.6875 ys = 3.1875 + 3.6875 - 0.25 = 4.109375

3 0.75  4.109375  0.75 + 4.109375 = 4.859375  y4 = 4.109375 + 4.859375 - 0.25 = 5.32421875
4 1.0 5.32421875

Improved Euler’s Method (Heun’s Method)

Heun’s Method improves accuracy by averaging the slopes at the current point and the point estimated by
Euler’s Method.

Algorithm for Improved Euler’s Method
Given v’ = f(t,y), y(to) = yo, to find approximate values on [to, tmaz:



1. Choose step size At = W with N a positive integer

2. For j=0,1,..., N — 1 compute:

o ki = f(tj,y;)
® Yjit1 =y; + kit
° tj—i—l = tj + At

ke = f(tj+1,Uj41)
k1+k2

b kavg -

o Y1 =Y + kaugAt

Example: Improved Euler’s Method

Let’s approximate the solution to 3/ =t + v,

y(0) =2 on [0, 1] using At = 0.25 (so N =4).

W N~ O,

1.0 5.9020811

tj Yj k1 Yj+1 ko kavg Yj+1
0 2 2 2.5 2.75 2.375 2.59375
0.25 2.59375 2.84375 3.3046875 3.5546875 3.1992188 3.3935547

0.5 3.3935547 3.89355647 4.3669434 5.1169434 4.5052491 4.5199170
0.75 4.5199170 5.2699170 5.8373962 6.5873962 5.9286566 5.9020811

Fourth-Order Runge-Kutta Method

The Runge-Kutta Method offers higher accuracy by evaluating the function at intermediate points.
Algorithm for Fourth-Order Runge-Kutta Method
Given y' = f(t,y), y(to) = yo, to find approximate values on [tg, timaz]:

1. Choose step size At = W with N a positive integer

2. For 3 =0,1,..., N — 1 compute:

.kl

J’y])
2 vyj+ 2

f Qtvyj+ 2

f(
f(t
(t
f(t;

tj+1 = tj + At

k1At

ko At

)
)

F(tj+ At,y; + ksAt)
o Y1 =y; + (k1 + 2k2 + 2k + ka)

Example: Fourth-Order Runge-Kutta Method
Let’s approximate the solution to ' =t + y, y(0) = 2 on [0, 1] using At = 0.25 (so N = 4).

tj Yj

k1

ko

ks k4

Yj+1

0 2
0.25 2.6041667
0.5 3.4192708
0.75 4.4625651
1.0 5.8093590

=W N = O Ss.

2

2.375

2.4375 2.9375

2.8541667 3.2864583 3.3489583  3.8489583
3.9192708 4.4192708 4.4817708 5.0442708

5.2125651

5.7906901

5.8532476 6.4844976

2.6041667
3.4192708
4.4625651
5.8093590




Comparison of Methods

For the differential equation 3’ =t + 1y, y(0) = 2, we can find the analytical solution:
y(t) =2e" —t — 1 (3)
At t = 1, the exact solution is y(1) = 2e! — 1 — 1 = 2e — 2 ~ 5.43656366

Method Approximation at t =1 Absolute Error
Euler 5.32421875 0.11234491
Improved Euler 5.9020811 0.46551744
Runge-Kutta 5.8093590 0.37279534

Error Analysis in Numerical Methods

The accuracy of numerical methods can be characterized by their global truncation error:
e Euler’s Method: Error = O(At)
e Improved Euler’s Method: Error = O(At?)
e Fourth-order Runge-Kutta: Error = O(At*)
This means that if we halve the step size:
e Euler’s error is approximately halved
e Improved Euler’s error is approximately quartered

e Runge-Kutta’s error is reduced by a factor of 16

Homework Exercises

1. For the IVP CC%’ =y3B—y), y(0) =2:

(a) Find the analytic solution

(b) Use Euler’s Method on [0, 2] with At = 0.25

(c¢) Use Improved Euler’s Method on [0, 2] with At = 0.4

(d) Use the fourth-order Runge-Kutta Method on [0, 2] with At = 0.5
(e) Compare all results graphically

2. For the IVP & =1 4 tcos(t?), y(0) = 1:

(a) Use Euler’s Method on [0,0.5] with NV =5
(b) Use Improved Euler’s Method on [0, 1] with N = 4
(¢) Use the fourth-order Runge-Kutta Method on [0, 3] with N =3
3. Investigate the stability of Euler’s Method applied to 3y = —10y using different step sizes. For which
values of At does the solution remain stable?

4. For the system of differential equations:

oy (4)
dy
i sin(x) (5)

with initial conditions z(0) = 0, y(0) = 1:



(a) Use the fourth-order Runge-Kutta Method on [0, 10] with At = 0.1
(b) Interpret the physical meaning of this system (simple pendulum)
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Series Solutions for Differential Equations

In this section, we examine approaches for solving differential equations of the form:

2" +p(t)r’ +q(t)z = f(t) (1)

Previous methods revealed that solutions often manifest as exponential, polynomial, or sinusoidal functions,
possibly in combination. Each of these solution types can be represented using Taylor series, which gives us
insight into the power of this technique. Historically, series methods were predominant before computational
advancements.

Analytic Functions

A function p(t) is considered analytic at ¢ = ¢ if it can be expanded as a Taylor series:

2 pn) / _ " _
p(t) — Z pn('to)(t _ to)n _ p(to) + p (tO)(lt' tO) + p (to)(;! t0)2 4. (2)

n=0

that converges within some interval around ¢ = .

When addressing differential equations using series solutions, we assume both p(¢) and ¢(t) are analytic
functions for all values of t. We then propose a series solution for z(¢). For simplicity, we typically employ a
Maclaurin series (Taylor series centered at ¢y = 0):

z(™(0)

n!

x(t) = Z ant”™, ap = (3)
n=0

The standard approach involves substituting this proposed solution and its derivatives into the original
differential equation, then determining the formula for coefficients a,, to obtain the analytic solution.

Example: Series Solution Method

Problem: Solve the differential equation using series solution around t = ¢.
22"+t +2=0 (4)

Solution: We begin by expressing z(t) as a power series:
o
x(t) = Z ant™ (5)
n=0
We then compute the derivatives:

2 (t) = Znantn_l, () = Z n(n — 1)apt" > (6)
n=1

n=2



Substituting into the original equation:

20"+t +x =2 <Z n(n — l)ant”_2> +1 (Z nant”_1> + Z ant” (7)

n=2 n=1 n=0
00 oo 0o
=2 Z n(n — 1)a,t" 2 + Z nant” + Z ant" (8)
n=2 n=1 n=0

To facilitate addition, we adjust the indices so all terms have t™:

oo o0 oo
= Z 2(n+2)(n+ 1)ayot™ + Z nant” + Z ant” 9)
n=0

n=1 n=0

Since the summations have different starting indices, we separate the n = 0 terms from the first and third
sums:

=2(0+2)(0+ Daosat’ + > 2(n+2)(n+ Daniat” + Y nant™ +agt + > _ ant” (10)
n=1 n=1 n=1
= (daz + ag) + > _[2(n +2)(n + D)ansa + nan + an)t" (11)
n=1
= (4az + ao) + Y _[2(n+2)(n + Dant2 + (n + Dant” (12)
n=1

Since the right side of the original equation equals zero, and a power series equals zero only when all
coefficients are zero, we obtain:

{4&2 +ag=0 (13)

2(n+2)(n+ 1)apy2 + (n+ 1)a, =0

For an initial value problem with given x(0) = ap and 2/(0) = a1, we can rewrite this as:

{“2 =7 (14)

- __1
Ap42 = 2(n+2) Ap, n Z 1

To determine the pattern for coefficients:

ap = initial condition (15)
a1 = initial condition (16)
a
e (1)
a5 = (18)
et ()2 o
oS5 »
o) e
we ek () - @



Examining these coefficients, we identify patterns for even and odd indices:
For even-indexed terms, n > 1:

(=1)"ao (=1)"ao

T Y812 (dn) | 47 nl (24)
For odd-indexed terms, n > 1:
(=1)"a (=1)"a
LT 61014 (4n+2)  2-6-10-14--- (dn + 2) (25)
This gives us two linearly independent solutions:
t2 t4 t6 t8 e (_1)7’Lt2n
Nt IR N 2%
() 17327 34 6144 nz% 4l (26)
A
=t— =+ —— — 27
z(?) 6 60 840 (27)
Thus, our general solution is x(t) = apx1(t) + ajza(t).
Additional Examples
Problem 1: Solve using series solution around ¢ = 0.
2 —tr' +42 =0 (28)
Problem 2: Solve using series solution around ¢ = 0.
2 —t=0 (29)
Problem 3: Solve using series solution around ¢ = 0.
2+ 12" —ta' +2=0 (30)

Homework Set A

Solve the following differential equations using series solutions around ¢ = 0.
Problem 1: 2/ +x =0
Problem 2: 2" — 22’ —t =0

Approximation Methods for Higher-Order Equations

We now explore two different approaches for approximating solutions to second-order and higher-order differ-
ential equations: the Series Approximation Method and Higher-order Euler’s Method.
Series Approximation Method

Recalling the general form of a Taylor series:

= 2
w(t) = anlt — to)",  an = T 10) (31)
n=0

n!

We use this representation to create an analytic approximation to an initial value problem (IVP) that
converges within some interval around t = .

As with other approximation techniques, the accuracy diminishes as we move away from the initial point.
While we could explore error estimation in depth, we’ll focus on the practical application.



Example: Series Approximation Technique

Problem: Find a sixth-order series approximation to the IVP:
2"+t +2=0, z(0)=1, 2(0)=0 (32)

Solution: The initial conditions provide the first two terms of our Taylor series. We can determine the
third term using the differential equation:

7 =—x -t = 2"(0)=—-2(0)-0-2'(0) = -1 (33)

We establish a table for our coefficient calculations:

(n)
n | ™) | a, = ’ '(0) Term in expansion, a,t"
n
0 1 (81)' =1 1
1 0 ? =0
-1 1 1
2 -1 — == ——t?
2! 2 2
To find higher-order derivatives, we differentiate x” successively:
P i(f’) = i(—x —tr') = -2’ — 2 —t2" = —22" — ta” (34)
dt dt
:L'(4) — —ox" " — " — 32" — " (35)
LL’(S) = —3" t:C(4) M — g tx(4) (36)
20 = —42@) — 420 — (D) = _55() _ 420) (37)
Continuing our table:
(n)
n (™ (0) an = ’ nl(O) Term in expansion, a,t"
3 —22'(0) —0-2"(0) =0 g’ =0 0
| 1
4 —32"(0) —0-2"(0) =3 - == —tt
#(0) =0 2""(0) = :
—42"(0) = 0-2™(0) =0 = =0 0
—15 1 1
5™ 0)=0-20(0) = =1 = —— 6
6 5% (0) — 0 - z°)(0) 5 ol 15 18
Therefore, our sixth-order approximation is:
1 1 1
)~ To(t) =1 — —t* + —t* — —¢°
o) S To(t) =1 — 51 + 24— o (39)

This function represents an approximation to the solution of the differential equation, satisfying the given
initial conditions.

Note that including more terms enhances the approximation’s accuracy. The Runge-Kutta method discussed
earlier produces a numerical approximation equivalent to a fourth-order series approximation (accurate to the
first five terms of the Taylor series).



Higher-order Euler’s Method

To apply Euler’s method to second-order equations, we must first convert them into first-order systems. Here’s

how:

Example: Convert the second-order IVP into a system of first-order IVPs:

"+t +2=0, 2(0)=

Solution: Let y = 2’. Then:

This gives us the system:

/ ! /
Yy =2 =—tr —x =

=y
y=-ty—x

with initial conditions z(0) = 1, y(0) = 0.

Euler’s Algorithm for Systems

1, #(0)=0 (39)
—ty —x (40)
(41)

Given a system 2’ = y, v = F(t,z,y) with initial conditions z(ty) = xo, y(to) = 2'(to) = yo, we use this
algorithm to find approximate values of z(¢) and y(t) on [to, tmaz):

1. Choose step size At = W, where N is a positive integer.

2. For j=0,1,...

3. Plot the points (t;,x;) for j =0,1,..

, N — 1, compute:

Tj+1 =5 + yjAt
Yi+1 = y; + F(t5,
tj+1 = L‘j + At

Example: Applying Euler’s Method for Systems

xj,yj)At (43)

., N to create a piecewise linear approximation.

Continuing with our example, we approximate the solution on [0, 1] with N =5 steps, giving At = 0.2.

Comparing Approximation Methods

It Yi Tjt1 = x5 + y; At yit1 = yj + Ft), 5, y;) At

0l 0] 1 0 1+0.02=1 0+ (0.0-1).02=02

1]02| 1 0.2 1+ (—0.2) - 0.2 = 0.96 0.2+ (~0.2-(~0.2) — 1) - 0.2 = —0.392
2104] 0.96 -0.392 0.96 + (—0.392) - 0.2 = 0.8816 —0.392 + (—0.4 - (—0.392) — 0.96) - 0.2 = —0.5666
310.6 | 0.8816 | -0.5666 | 0.8816 4 (—0.5666) - 0.2 = 0.7683 | —0.5666 + (—0.6 - (—0.5666) — 0.8816) - 0.2 = —0.7127
410.8|0.7683 | -0.7127 | 0.7683 + (—0.7127) - 0.2 = 0.6258 | —0.7127 + (—0.8 - (—0.7127) — 0.7683) - 0.2 = —0.8208
5| 1.0 | 0.6258 | -0.8208 - -

Comparing the series approximation and Euler’s method reveals interesting insights into the behavior of solu-
tions. For visualization, we can plot both the curve from the series approximation and the points calculated

via Euler’s method.

For our previous example, the series approximation Tg(t) = 1 — %tQ + ét‘l — 4—18166 can be plotted alongside
the points from Euler’s method to demonstrate the relative accuracy of each approach.



Homework Set B

Find series approximations for the following IVPs. Use the first four nonzero terms in the
expansion.

Problem 1: 2/ =t — 2% 2(0)=1

Problem 2: 2" — 32’ +tz?> =0, 2(0)= -1, 2'(0)=1

Problem 3: (2 +t%)2" —ta’ +42 =0, =2(0)=-1, 2/(0)=3

Use Euler’s Method for Systems to approximate these IVPs on [0, 1].

Problem 4: (Problem 1 above)

Problem 5: (Problem 2 above)

Problem 6: (Problem 3 above)

Create comparative graphs showing both the series approximation curve and Euler’s method
points for each problem above.

Problem 7: (Problems 1 and 4 above)

Problem 8: (Problems 2 and 5 above)

Problem 9: (Problems 3 and 6 above)
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Existence and Uniqueness Theorems

Existence and Uniqueness Theorem

Given the differential equation 3y’ = f(t,y), if f is defined and continuous everywhere inside a rectangle
R ={(t,y)la <t <b,c <y <d} containing the point (¢p, o), and if % is continuous in R, then there exists a
unique solution y(t) passing through the point (g, yo).
Lipschitz Condition

A function f(t,y) satisfies a Lipschitz condition if for any two points (¢, y1) and (¢, y2), there exists a positive
constant M such that:

|f(t,y1) — f(t,y2)] < My2 — v (1)

Logistic Equation Example

Consider the differential equation ¢y’ = y(1 — y) which models population growth with a carrying capacity.

The general solution is:
1

- _ 2
14 Cet 2)
The constant C'is determined by the initial condition. The equation has two equilibrium solutions: y(t) = 0
and y(t) = 1.

y(t)

e For 0 < y(0) < 1: Solutions approach y =1 as t — oo (logistic growth)
e For y(0) > 1: Solutions decrease and approach y =1 as t — oo

e For y(0) < 0: Solutions have a vertical asymptote and approach y =0 as t — —o0

Additional Practice Problems

Approximate the solutions to the following differential equations using various techniques:

1. % = %, y(1) = 2, on the interval [1,2] with At =0.2

2. % = sin(ty), y(0) = 1, on the interval [0, 1] with At = 0.25



