Numerical Implementation of the Sturm—Liouville Problem via Prutfer-Based Shooting
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The Discrete Sturm—Liouville Problem

Discrete Sturm—Liouville problem with Dirichlet boundary condition:

{Ah(l’kAth) [)\Wk — qk] Xki1+1 — O, k = 1, S oo Il — 1

where

Xk+1 — Xk Xk+1 — Xk . : :
" Apx, — — is the non-uniform step size

tir1 — ti hy
" 1, Wi, gk - R — R are the weight functions, with wy, > 0, r, # 0

m )\ € R is the eigenvalue parameter
m r A\pxy is the
Test case. Set =1, we =1, g, =0
Ap(Apxk) + A X1 = 0,

Continuous analog x” + Ax = 0 on [0. 7] has known eigenvalues A6 = n? which we use as
g 7 g n

X0 = Xn+1 = 0.

a ground truth.

Compare regular shooting and Prifer-based shooting for computing eigenvalues
on:

" 3 uniform grid,
® 3 clustered non-uniform grid, and
" 3 graded (geometric) non-uniform grid.

Accuracy is measured by how close the numerical eigenvalue Ay is to A7 = k?
Eigenfunctions are indexed by their zero count: @, has n — 1 interior zeros.

{Regular} VS {Prﬁfer}

L

{Accuracy = closeness of A\, to A\f = nZJ

Visuals of Grids

Uniform

Uniform grid (n=15)

Clustered Grid

Regular Shooting: From BVP to IVP

The obstacle is that x; = 0 at @ and x,.; = 0 at b are two conditions at different points.
The fix:

" Fix xo = 0, guess the initial discrete derivative Apxg = X1/ hg (choose xq).

® March forward via the recurrence

_ hiy 1k iy 1hi hiy1rk
| _
Xk+2 = (1 | hirii Fk+1 [)\Wk qk])xk+1 hiricqq Xk-
" Tune x; (equivalently the slope) until x,.1 = 0.
Limitation. x can overflow (10°,10%, ...) before returning to the boundary, so the

target x,.1 = 0 becomes numerically untindable.

Visual: Regular Shooting
X

m; too larg

Regular shooting sweeps the initial slope; Priifer shooting sweeps the initial phase.

Priufer Substitution: Phase and Amplitude

Change coordinates from Cartesian (xx, Apxk) to polar (tuk, Ox):

Xk = Uk sin (9/(, NApx, = Lk COS 9/(, g >0, 0< 0, < 2.

Phase equation:

sin(heApby) = hk( cos 0y cos Oy 1 + Ahy cos Oy sin 4.1 + Xsin 6 sin 9k+1) .
Amplitude equation:
Aplix = — [k (%[(Ah sin 0 ) + (Ap cos 0x)°] — sin Q1 cos O + \hy cos 01 cos Oy + X cos Oy sin €k>.

The phase equation is independent of the amplitude.

Why Phase Beats Amplitude

Phase 0,
0y = arccot (%) e (0, ).

Amplitude

pk = /X + (Bpxk)?

No bound: wy grows without limit

k
Bounded: even when xx blows up, 6 stays

whenever X does. in (0, 7).
Prifer shooting tunes 6 instead of x, so overflow of x; never disturbs the target.

Eigenvalue Results (n = 100)

Uniform grid
lerr|"e8 )\Er |err‘Pr

k A = K’ AlE

10 100 100.0157 1.57 x 1072 100.0000 7.31 x 10~
20 400 400.9019 9.02 x 10~ 400.0000 1.93 x 10™%
30 900 900.0000 1.93 x 10~ %
40 1600 1600.0000 2.73 x 1071
50 2500 2500.0000 2.73 x 10~%
60 3600 3600.0000 1.82 x 10~%

Clustered grid (0, = 0.7, 04 = 0.3)
k A\, =k’ )\fg lerr|"e )\,F()r |err‘Pr

10 100 100.2768 2.77 x 10~* 100.0000 7.31 x 10~
20 400 400.0000 1.93 x 10712
30 900 900.0000 1.93 x 1071
40 1600 1600.0000 2.73 x 107
50 2500 2500.0000 2.73 x 10712
60 3600 3600.0000 1.82 x 10712
Graded grid (ratio r = 1.3)

k A\ = k? Ao lerr|"e AL lerr| ™"
10 100 100.0000 7.31 x 10714
20 400 400.0000 1.93 x 10712
23 529 529.0000 6.74 x 10~
30 900 — — 900.0000 1.93 x 10712
40 1600 — — 1600.0000 2.73 x 10™%
60 3600 — — 3600.0000 1.82 x 10™%

Conclusion

® Amplitude is unbounded; regular shooting inherits that instability.

® Priifer substitution decouples phase from amplitude and bounds the shooting variable in
(0, 7).

® Priifer-based shooting is grid-agnostic: it stays accurate on uniform, clustered, and gradead
grids, even where regular shooting breaks down.

m /ero counting via @,'s n — 1 interior zeros indexes eigenvalues reliably in both methods.
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