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Our Problem: Priifer Transformation

Our Problem at a Glance

{Ah (reDpxic) + (Awk — i) xks1 =0 for k=0,...,n—1 (SL-BVP)
X0 = Xpt1 =0

T=t <t <tr<...<ty—1 non-uniform grid; hx = ty11 — tx

Xk+1 = Xk
hy

o ne,we : N—=RT, g : N— R — weight functions

o SL-BVP EVP/Spectral Problem

< Ath = VS. AXk = Xk+1 — Xk

~—~
AER
parameter

o rApxy is quasi-derivative — self-adjoint

’Prijfer = Cartesian — Polar
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Previous Literature and Our Problem in Perspective

Our work
Bohner—Dosly (2001) v
[Introduced discrete Priifer] ho = 1 B =3 hy— 2
e ———————————————& > {
A (reAxg) + pxxxr1 =0 -5 -4 —tg _tf -1 0 t12 2 ?3 4 5
X0 = Xp41 =10
Cetinkaya—Er—Menken (2026) {Ah (i) + AWk — i) X1 = 0
{A (I’kAXk) + ()\Wk — qk)Xk =0 X0 = Xp+1 =10
X0 = Xnt1 =0 Recall: k=0,...,n—1
where k =0,...,n—1 Ahxk:XkH—Xk:XkH—Xk
Axy = Xk+1 — Xk ter1 — Tk hi

Note: hix > 0 since {t«} is a strictly increasing sequence
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The Goal of Our Problem

Goal: build the full spectrum of EVs and cor. EFs

A1 < A < - <A, allreal
Existence Realness Ordering Exactly n
each \; exists each ) is real A< <o eigenvalues
Together

complete, ordered spectrum
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Why does any of this matter?

Discrete Sturm-Liouville Problem
© quantum mechanics, vibration, signals and systems, heat transfer and diffusion,
fractional calculus, ..., SO MUCH MORE!
Gap in literature

& Non-uniform, discrete Sturm-Liouville problem.

Non-uniformity

Non-uniformity of data reporting shows up everywhere in nature—in meterology
(uneven reporting dates), ecology (seasonal data reporting), signals and systems
(event-based activation/motion detection).
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Preliminaries: Priifer Derivation

Discrete Prufer Substitution for Non-Uniform Step-size

Take )\Wk — qk = Pk.

{Ah(rkAth) + Pixxi1 =0 Priifer Substitution {Xk = Lk Sin O,

X0 =Xp+1 =0 f1x amp., 6y phase reApxy = pux cos Oy.

2nd order BVP difference equation Priifer System

I

amplitude: Appx = F (0 (N), A, ks rk, Wk, qk) , 1C: o (A) >0
phase: sin (hxApbx) = G (0 (A), A, ris Wi, Gk) 5 1C: 0 (A) =0, hoApby (A) >0

system of 15t order IVP

Phase equation completely decoupled from amplitude! = Track one quantity (6« (A\))
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Eigenvalues € R

Definition (Self-Adjointness)

o u,v:C—C& () complex inner product

o Linear operator A is self adjoint & (Au,v) = (u, Av)

W={wi} & Q={q\}
SL-BVP Linear Operator Equation: Ax = AWx
Ah(rkAth)Eﬁ, AE—ﬁ—FQ

v property of quasi-derivative = A self ad].
vV wi iR = RT = W self adj.
= AMWx,x) = AWx, x) = (Ax, x) = (x, Ax) = (x, \Wx) = A(x, Wx) = AWWx, x)
——— ———
= (A=) (Wx,x) =0

|

EV’s are real (if they exist). (1/4) 6/16



Discrete Derivative of Phase Eq.

Assumptions

& Choose ry such that X = hy cos 0y + ry sin 0 # 0.
o Ok ¢ 2T for k=1,...,n.

Discrete Derivative of Phase Equation

& Recall sin (hkAth) =G (Gk ()\) 9 )\, Fi, Wi, qk)-

o Use hkAth :%ekJr;/_ek = 9k+1 — Hk.
k

—

definition of
discrete deriv.

o Use trig identity sin (Ox+1 — 0x) = sin 1 cos Ok — sin Oy cos 01 and rearrange terms.

o Divide by sin 011 & X; both # 0 from Assumption.

cos Q11
sin Ok 1

= cot 9k+1 = %
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Proposition: Monotonicity

Proposition 1 (Monotonicity)

o A Ok (\) is the unique solution to phase equation with I.C.

‘Gk (A) is strictly increasing on . ‘

Ox+1 = Ok + arccot (

N (0 (A), /\))
D (0x(N), )

recursive relation

;}\(LHS & RHS) = multivari. chain rule = algebra = induc. = >0
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Proposition: Eigenfunction Characterization

Priifer Substitution Impose Initial Condition

SL-BVP 1%t order D.E. system of IVP
(amplitude + phase)

Proposition 2 (Eigenfunction Characterization)

o ik (A) sol. to amplitude o 0k (A) sol. to phase
o 1.C. o> 0 o 1.C. 0 (\) =0

’)\ is an eigenvalue of SL-BVP <= 0,1 ()\) = m for some m € Z~* ‘

‘xk = pk (A)sin Oy (A) is the corresponding eigenfunction of )\‘

(=) Assume X eigenvalue = Use def. of eigenvalue = 6,1 (A\) must be multiple of 7w
(<) 0n11 (N) is multiple of 1 = Use Prufer Substitution = {xc};_o #0 = A EV
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To Show
m < mpy <— )\m1 < )\m2

(=): by contradiction («<): direct
Suppose m; < my and Ay £ Am,. Suppose A, < Am,.
o = Opi1(Amy) £ Ons1(Amy) o Monotonicity of Phase
o EF Characterization = Ont1(Amy) < Ons1(Amz)

= Opp1(Am;) = mim, i =1,2 o EF Characterization

o M £ mam = my £ my contradiction! = Ons1(Am) = mim, 1 =1,2

O M < mem = myp < mz

m<m<...<m — 9n+1()\m1) < 9n+1()\m2) < ... < 9”+1()\mi)
All of our eigenvalues are ordered! (2/4) This also implies they are unique.
A< A< ..o < A (2/4)
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Exactness

To Show

We have exactly n eigenvalues.

Put problem into matrix form.
Use definition of determinant and characteristic polynomial.

Fundamental Thm of Alg. = at most n € R eigenvalues (counting multiplicity)

Uniqueness — Exactly n € R E.V. (3/4)
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Exactness

rfi ro rn _
——+7+hogo - 0 0
hl hO h1
n rn n r
—+—+hiq1 ——
hl h2 h]_ h2
howo 0 0
r2 3 rn . 0 hiwg - 0
0 T —t+ th2aq2 - 0 =\
h2 h3 h2 . 0 . .
0 0 vo hp_awn—a
rn—1 nxn
hn—l
0 0 fn—1 rn+rn71+h
e n—1Gn—1
- hn—l hn hn—l |
nxn
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Exactness

B-—AD=M-=
[+ 72 +ho(go—Awo) - 0 0 i
% ,'722+,%+h1(q1*/\W1) *,%
0 I% r3+ +h2(q2 )\Wg) 0
n—1
_h:, 1
I 0 0 ;’:i ;¢'+r" 1+hn I(Qn—I*AWn—l)_
nxn
det(M) = ) " sgn(o H Mi; o () P(\) = CaA" 4 Coot A" +
€S, characteristic polynomial

Showed: C,#0 = degP =n
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All Put Together: Spectral Theorem

Theorem (The Spectral Theorem)

o All of our eigenvalues are real. (1/4)
© The eigenvalues are unique and ordered. (2/4)
o We have exactly n eigenvalues that forms a spectrum. (3/4)

w Future work: The eigenvalues of our problem exist. (4/4)
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