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What happens when you pluck a guitar string?

String at rest
Fixed ®

-
-
- ~

.-1-~Vibration

Fixed®-------------- - Teemmme--

Plucked string

@ The string vibrates in patterns called modes
e Each mode has a specific frequency (pitch)

@ Mathematics describes these vibrations precisely
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The Wave Equation: Physical Derivation

2
Ti = Tsint; T, = Tsinb, prgtz = Tsinfy — Tsinf;
! ! 0%u Ou u
NV _ou
) A X+ Ax pex 81_'2 |:8X x+Ax Ox x:|
For small 6: p [au ~Ou }
sinf ~ tanf = 22 @ OX|inx  Ox|,
P or? Ax
ou ou
7|2 _v
l. 2U o | |:8X x+Ax 6X x:|
aBo” 32 T axBo Ax

Pu_Lou T
otz 7 ox?’ S\

Shalmali Bandyopadhyay (UT Martin)

Phase, Amplitude, and Spectrum



Separation of Variables: PDE — ODE

Try solutions of the form: u(x,t) = X(x)T(t)

0%u "
0%u o
T xT(0)

Substitute into 2% = 224, X(x) T"(t) = X" (x) T(t)
Divide by X(x)T(t),
T”(t) B X”(X)
2T(t) X(x)
left side depends only on t and right side only on x, both must equal a constant! (say —\),
where A > 0

T"(t) _ X" (x) .
c2T(t)  X(x)
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Solving ODEs

Spatial: Time:
X"(x) +AX(x) =0 T"(t) + AT (t) =0
X(0)=X(L)=0 Characteristic equation:
Characteristic equation: PAR =0 — r— j:i\/rnc

P+A=0 = r=+iV\

. nmTx n-m .
G.S.: Xy(x) =sin (T) . An= B G.S.: T,(t) = A, cos(wpt) + By sin(wpt)
nmc
Wn =~
> nmx
u(x,t) = Z sin (—) [A, cos(wat) + B, sin(wpt)]
L
n=1
Xn(x) is the pattern of the vibration — the mode shape determines the note.
Tn(t) is the speed of that pattern — the frequency determines the pitch. 1
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Space Equation Revisited

X"(x)+AX(x) =0, X(0)=X(L)=0
Note that X(x) = 0 is always a solution. We look for nontrivial solutions.

General solution: X(x) = Acos(v/Ax) + Bsin(v/Ax)

X(0)=0 = A=0 = X(x) = Bsin(vVAx)
X(L)=0 = Bsin(vAL)=0
For nontrivial solution B # 0, so sin(v/A L) = 0, which gives:

n’m?

\f)\L:mr:> )\n:?, n:l,2,3,...

. . nmx . .
A are the eigenvalues, X,(x) = sin <T> are the eigenfunctions.

This is an eigenvalue problem (EVP).
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Visualizing the First Few Modes

First Three Eigenfunctions when L =7

1F — n=1: sin(x)
—n = 2: sin(2x)
— n = 3: sin(3x)
S
X o i
<
1} i
| | | | | | |

@ Mode 1: Fundamental frequency (lowest pitch)

@ Mode 2: First harmonic (octave higher)

@ Mode 3: Second harmonic

@ Higher modes = higher frequencies = higher pitches

@ n™ eigenfunction has n — 1 zeros — characterize the oscillatory behavior of the solution
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Self-Adjointness of the EVP

Our EVP X"(x) + AX(x) = 0 can be written as:

d2

./4)<:>\)<7 AZ_@’

Au=—u"

The operator A is self-adjoint if:

L
(Au, v) = (u, Av), where (u, v) = /0 u(x)v(x) dx

Claim: A is self-adjoint for our problem X(0) = X(L) = 0.
Proof: Integrate by parts twice:

L
—u"vdx =—u'v
(
0 W—O’ H/—(l
-0 -0

Therefore:
(Au,v) = (u, Av) v
The boundary conditions u(0) = u(L) = 0 make the boundary terms vanish.
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EVP —The Sturm—Liouville Problem

Differential Equation: Boundary Condition:
X"(x)+AX(x) =0 X(0)=X(L)=0
—[1-X7T+0-X=X-1-X } X—=>y,0—-a L—=b
I 1—=p(x), 0=q(x), 1 = w(x), X =y 1-y(a)+0-y'(a)=0
=[p(x)y']" + a(x)y = Aw(x)y 1-y(b)+0-y'(b)=0

\L 1*)041,04)0[2,1*)51,0*)52

a1y(a) + azy’(a) =0, Pry(b) + Bay'(b) =0
Types of boundary conditions:

@ Neumann: y’(a) =0, y'(b)=0 (a1 =0,a0=1,5=0,6,=1)
@ Robin: ayy(a) + azy’(a) =0, Bry(b) + B2y'(b) =0
@ Dirichlet: y(a) =0, y(b) =0 +— our focus (a3 =1,a0=0,8; =1,6, =0)
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Properties of Self-Adjoint SL Problems

For the self-adjoint? (Ex.) SL problem —[p(x)y’]' + q(x)y = Aw(x)y with y(a) = y(b) = 0:

@ Eigenvalues are real:
A €R forall n

o Eigenvalues form a discrete sequence:
AM< <3<+ >0

e Eigenfunctions are orthogonal with respect to weight w(x):

b
/a Ym(X) ya(x)w(x)dx =0, m#n

e Eigenfunctions are complete — any f € L?([a, b]) can be expanded:

f(X) = Z Cn}/n(X)
n=1

@ Sturm oscillation theorem — the n-th eigenfunction y, has exactly n — 1 interior zeros
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The SL Problem with Dirichlet Boundary: Hard to Solve

—[p(x)y'T + a(x)y = Aw(x)y, xe€[a,b], y(a)=y(b)=0

Initial Value Problem Boundary Value Problem

y y
e
(Yo7r0) =)
X X
e Given: y(x0), y'(x0) e Given: y(a), y(b)
@ Unique solution exists e May have 0, 1, or co solutions
@ March forward step by step ) @ Global problem
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The Shooting Method: Basic Idea

Converting BVP to IVP

Instead of solving y”” + f(x, y, A) = 0 with y(a) = y(b) = 0:
Step 1: Guess an eigenvalue A

Step 2: Solve the IVP: y"/ + f(x,y,\) =0, y(a) =0, y’(a) = 1
Step 3: Check if y(b) = 0

Step 4: If not, adjust A\ and repeat

u (Algorithm: )
Trajectories: - 1. Start at (a,A)
-~ Overshoot™ to0 La;(ge Target 2. Guess slope m
s | ~~ Undershoot o ) 3. Solve IVP
— Success .’ 4. Check if u(b) = B
m* perfe 5. Adjust m if needed
/ - 6. Repeat until target
mo-too small _hit J
A
(a, A)
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Shooting Method Challenges

Numerical Instabilities

o Exponential growth: Solutions can grow/decay exponentially

@ Loss of precision: Small errors amplify dramatically

@ Poor conditioning: Tiny c

hanges in A\ cause huge changes in y(b)

y

A

N

Exponential grow}!'

-
-

’
’,

P
P

> X

Small

thange in A — Large change in y(b)

Result: Traditional shooting can fail spectacularly!
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The Revolutionary Idea: Heinz Priifer (1926)

From Cartesian to Polar The Prufer Transformation

Instead of tracking (y,y’) directly, use polar

coordinates: y(x) = r(x)sin(8(x))
/ y'(x) = r(x) cos(6(x))
}‘/‘ where:
,,,,,,, (v:¥") e r(x) > 0 is the amplitude
’ | @ 0(x) is the phase
g ¥

Convert a second-order ODE into a
geometric problem!

V
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Why This Perspective is Powerful

> y = rsinf

Zeros of y(x) occur exactly when 6(x) = nx (i.e., when the trajectory crosses the py’—axis)J
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The Prufer Transformation

The Priifer substitution:
y(x) = r(x)sin6(x),  p(x)y'(x) = —r(x) cosb(x)
Substituting into —[p(x)y’]" + g(x)y = Aw(x)y gives the Priifer system:

Phase Equation

0 (x) = _% + (q(x) — Aw(x)) sin® 6

v

Amplitude Equation

F(x) = r(x) <$ —q(x)+ Aw(x)) sin 6/ cos ¢

Key observation

The phase equation is independent of r. Solve for 6 first. Then r follows — and r(x) > 0 always.

T = =
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The Phase Equation: From a to b

Starting from y(a) =0: y(a) =0 = sinf(a) =0 = 6(a) =0
Solve the phase equation forward from a to b:
cos? )
p(x)
This is an initial value problem — march forward stably from a to b.
When we reach x = b, since y(b) = r(b)sin6(b) and r(b) > 0:

0'(x) = + (q(x) — Aw(x))sin®6,  6(a) =0

y(b) =0 < sinf(b) =0 < 6(b) = nw for some n € N

° y(b)=0v ° y(b) #0

@ Boundary condition satisfied @ Boundary condition not satisfied
@ )\ is an eigenvalue @ )\ is not an eigenvalue

@ y has n— 1 interior zeros @ Adjust A and repeat
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What We Have Done So Far

@ Started with a vibrating string — led naturally to the wave equation
Pu_ 4o
otz 7 0x2
@ Separation of variables gave us a Sturm—Liouville problem:
—[p(x)y'] +a(x)y = Aw(x)y, y(a) =y(b) =0

@ This operator is self-adjoint — guarantees real eigenvalues, orthogonal eigenfunctions,
Sturm oscillation theorem
@ The Priifer transformation converts this into a first order IVP for 6:

0'(x) = —

@ Marching 6 forward from a to b — eigenvalues detected when 6(b) = nm

cos2 6

+ (g(x) = Aw(x)) sin6, 6(a) =0

But what if the operator is no longer self-adjoint?
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A Non-Self-Adjoint Example

Consider: —y”" +y' =Xy, y(0)=y(1)=0
The corresponding operator is By = —y” + y’. Compare with the self-adjoint case:

A_y:*_yll — Byziy//+y/

Claim: B is not self-adjoint, i.e., (Bu, v) # (u, Bv).
Proof:

1
(Bu, v) :/ (—u" + u")vdx
0

1 1
:/ u(—v”)dXJr[uv]éf/ uv’ dx
0 N~ 0
=0

1
= / u(—v" —v')dx
0

But (u, Bv) = fol u(—v"” 4+ v') dx. Since —v"—v' # —v"+V":

(Bu,v) # (u, Bv) v
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What Self-Adjointness Gives Us — And What Happens Without It

The Prifer substitution is purely mechanical — it does not need self-adjointness. But the
conclusions from the phase equation depend heavily on it:

Classical Self-Adjoint Setting Without Self-Adjointness

@ Zeros track eigenvalues via Sturm
oscillation theorem

n-th eigenfunction has exactly n — 1 zeros

o

@ Monotonicity of zeros
@ Comparison theorems
o

Eigenvalue bounds via Rayleigh quotient

The geometric picture is there but the theory
collapses:

@ Sturm oscillation theorem fails
@ No guarantee on zeros

@ Comparison theorems fail

o

Rayleigh quotient not directly applicable

What We Establish

@ Monotonicity of zeros v

e Eigenvalue bounds v/

@ Phase criterion v/

@ Sturm oscillation theorem x

— =
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Our Problem

Recall By = —y” + y’ was non-self-adjoint due to the extra y’ term. More generally, replacing
y’ with the quasi-derivative y’ + s(x)y leads to:

=[p()(Y' (%) + s()y () + s(x)p(x) (v (%) + s(x)y(x)) + a(x)y(x) = Aw(x)y(x)

with Dirichlet boundary conditions y(a) = y(b) = 0, where p,s, q,w € C[a, b], p(x) > 0 and
w(x) > 0 on [a, b].

Key Feature: The Quasi-Derivative

Dsy := y'(x) + s(x)y(x)

@ Classical SL uses y’ — self-adjoint
@ Our problem uses Dsy =y’ + s(x)y — non-self-adjoint
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BVP — IVP Picard: 3!

Monotonicity of Zeros

[Non—SeIf—Adjoint SL}[ Gen. Priifer ]—>

Eigenvalue Bounds

Phase Criterion
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The Generalized Prufer Transformation

Recall the classical Priifer substitution:
y(x) = r(x)sin6(x),  p(x)y'(x) = —r(x) cos6(x)
For our equation with quasi-derivative Dsy = y’ + s(x)y, we adapt the substitution:

y(x) = r(x)sinb(x),  p(x)((x) + s(x)y(x)) = ~r(x) cosf(x)

The Key Change

p(x)y'(x)  —  p()(y'(x) + s(x)y(x)) = p(x)Dsy
Replace y’ with the quasi-derivative Dsy throughout. This is the natural substitution adapted to the
structure of our equation.

The amplitude and phase are given by:
r?(x) = y?(x) + [P(x) (' (x) + s(x)y(x))]

0(x) = arctan ( y(x) )

—p(X)(y'(x) + s(x)y(x))

2
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The Generalized Priifer System — Same Old Story

Substituting into our equation gives the generalized Priifer system:

Phase Equation

cos?
0'(x) = — p(x)e — 25(x)sin 0 cos§ + (q(x) — Aw(x)) sin 0
Io) _cosfsing . 9 2, B ,
r'(x) = r(x) o) s(x)sin 0 + s(x) cos® § — (q(x) — Aw(x)) sinf cos

Key Observations

@ Phase equation is independent of r — solve for 6 first
@ r(x) > 0 always — zeros of y still tracked by 6 alone
0 y(x) =0 < sinf(x) =0 <= 0(x) € 7Z
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Existence and Uniqueness: The IVP for 6

The phase equation is an initial value problem: Why is Lipschitz necessary? Consider
, 0" =63, 6(0) = 0. Two solutions exist:
0'(x) = f(x,0), 0(a) =0

25\ /2
Key question: Does this IVP have a unique solution? 0(x)=0 and 0(x) = (?X)
Lipschitz Condition — Intuition Function: £(0) = 6'/°
If two solutions 61 and 0, start close together, they stay close 1f
together: 0
[f(x,01) — f(x,02)] < L|61 — 02 o 1

This controls how fast solutions can diverge — ruling out
branching behavior.

.

Derivative: f'(0) = 1072/3

8

Picard—Lindelof Theorem i IR

If f(x,0) is continuous in x and Lipschitz in 8, then the IVP has o4
a unique solution on [a, b]. 2

.
‘

Shalmali Bandyopadhyay (UT Martin) Phase, Amplitude, and Spectrum



Our Phase Equation is Lipschitz

0'(x) = _c;(sj)@ — 2s(x)sinf cos§ + (q(x) — Aw(x)) sin® 0
f(x,0) = _cpo(si)& — 2s(x)sinf cosf + (q(x) — Aw(x)) sin® &
Compute gg 9 = S'"gx) — 25(x) cos(26) + (q(x) — Aw(x)) sin(26)
Using |sin(26)] <1 and |cos(20)| < 1 and the triangle inequality:
561 = 50 201+ 1400 - ()

Taking supremum over [a, b] gives the Lipschitz constant:

~ 1
L= sup {205l o) - Al < o0

x€[a,b]

f is continuous in x and Lipschitz in § = by Picard-Lindelof, the phase equation has a unique
solution on all of [a, b]. J
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Where are we on Road Map

BVP — IVP Picard: 3!

o < we are here
Monotonicity of Zeros

[Non—SeIf—Adjoint SL}[ Gen. Priifer ]—>

Eigenvalue Bounds

Phase Criterion
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Monotonicity of Zeros

Let o > A. Then the zeros of y, satisfy:

xk(p) < xk(A)  for all k

As ) increases, the zeros of y move leftward.

Intuition: 0
@ Larger A\ = phase accumulates faster 0, 3
,,,,,,,,,,,,,, 3
@ 0, reaches each multiple of 7 before 0,
@ Zeros occur earlier = shiftleft [, A
,,,,,, o A
X
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Monotonicity of Zeros: Proof

Claim: If © > X, then x,(p) < x«(X) for all k.
Step 1: Phase equations. Both 6, and 6, satisfy their respective phase equations with 6,(a) = 6x(a) = 0.
Step 2: Compare right-hand sides.

f.(x,0) — A(x,0) = (A — p)w(x)sin®6 < 0

since 1 > A, w(x) > 0, and sin? @ > 0. Therefore f, < fi everywhere.

Step 3: Phase functions are decreasing. At 6 = 0, we have 0’ = —ﬁ < 0. So both 6, and 8, are strictly
decreasing through each multiple of .

Step 4: 0, decreases faster. Since f,, < f\, we have 0;, < 0} — the function 6, is decreasing strictly faster
than 0,.

Step 5: Comparison theorem. Since 0,,(a) = 0x(a) = 0 and 6, < 0}, the ODE comparison theorem gives:

0.(x) < Ox(x) for all x > a

Step 6: Zeros shift left. Zeros of y occur when 6 € 7Z. Since 6, is strictly below 6 and both are decreasing,
0, reaches each —km at a smaller value of x:

Xk () < xi(N) for all k O
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Eigenvalue Bounds — Why that

Tuned Mass
Damper
Safe Zone
1
|
‘.F Earthqu':ke Natural Frequency ’ Earthquake !
requency Range of the Building requency Range |
1
Danger Zone Danger Zone
Frequency

The natural frequeny of the bwldin < eigenvalue A,
@ Must stay in the safe zone — away from earthquake frequencies

@ The tuned mass damper dissipates energy — operator is non-self-adjoint

Without solving the differential equation, can we find an explicit interval containing A,? J

s - - T
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The Rayleigh Quotient

For the classical self-adjoint SL problem, multiply by y and integrate by parts to get:
b b
[ 0ot P de [ atay o
a 5 a
/ w(x)y? dx
a

The n-th eigenvalue is characterized by the minimax principle:

Rlyl =

An = min maxR[v]
SCHi(a,b) VES
dim S=n v#0

Problem for Our Equation

Multiplying our non-self-adjoint equation by y and integrating gives:

b b
/pwwwﬂm&w+/quw

b
/ w(x)y? dx

The minimax principle requires self-adjointness — it cannot be applied directly here.

Rly] =
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Transforming to a Self-Adjoint Problem

Game changer: change of variables: v(x) = e y(x), 5(x) = [ s(t)dt
Then y = e~Sv and y’ + s(x)y = e %v/. The Rayleigh quotient becomes:

/abﬁ(x)(v’)z dx+ /ab Q(x)v2 dx
/ab QO(x)v? dx

Rlv] =

where the transformed coefficients are:
p(x) = P(X)e‘2§(x), Q(x) = q(x)e_2§(x), Q(x) = w(X)e—Zs_‘(x)
Key Observation
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Eigenvalue Bounds

Theorem (Lower Bound)

Let f € Cla, b] with 0 < f(x) < p(x) and &(x)f(x) < c on [a, b]. Define m = m[lnb] Z(();)) Then:
x€Ela

nm?

)

Let h € Cla, b] with h(x) > p(x) and D = min &(x)h(x) > 0. Define M = max alx) Then:
x€[a,b] x€[a,b] w(x) "

An > +m

Theorem (Upper Bound)

n’r?

< T
D(/a m‘”)

Bounds are explicit in terms of the coefficients p, g,s,w — no need to solve the differential equation.

+ M
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BVP — IVP Picard: 3!

Monotonicity of Zeros

[Non—SeIf—Adjoint SL}[ Gen. Priifer ]—>

Eigenvalue Bounds
< we are here

Phase Criterion
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The Phase Criterion

A is an eigenvalue of the boundary value problem if and only if:

O(b; \) = nm for some n € N

where 6(x; \) solves the phase equation with 6(a; \) = 0.

The corresponding eigenfunction is given explicitly by:
y(x; A) = r(x; A)sin6(x; \)
Recall the Sturm oscillation theorem fails for our non-self-adjoint problem. However the phase criterion
recovers this information:
@ 0(b; \,) = nm labels the n-th eigenvalue

@ y, has exactly n — 1 interior zeros

This is the non-self-adjoint analog of the Sturm oscillation theorem.
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Phase Criterion: Proof (Forward Direction)

Claim: If A is an eigenvalue = 6(b; \) = nm for some n € N.
Suppose A is an eigenvalue with nontrivial solution y satisfying y(a) = y(b) = 0.
Write y in Priifer form y(x) = r(x)sin 6(x) with r(x) > 0. Then:

y(a) =0 = r(a)sinf(a) =0 = sinf(a) =0 = f(a) =0

y(b) =0 = r(b)sinf(b) =0 = sinf(b) =0 = 6(b) =nm

Since y is nontrivial, n # 0. By convention n € N. [
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Phase Criterion: Proof (Backward Direction)

Claim: If §(b; \) = nm for some n € N = ) is an eigenvalue.
Start with 6(a; \) = 0 and solve the phase equation forward to b. Define:

y(x; A) = r(x; A)sin0(x; \)

Check boundary conditions:
y(a) = r(a)sin(0) = 0v

y(b) = r(b)sin(nm) = 0V

y is nontrivial because 6 varies continuously from 0 to nm with n > 1 — there exist points
x € (a, b) where sinf(x) # 0, and since r(x) > 0:

y(x) # 0 at those points

Therefore A is an eigenvalue with eigenfunction y(x; \) = r(x; A)sin0(x; A). O
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BVP — IVP Picard: 4!

Monotonicity of Zeros

[Non—SeIf—Adjoint SL}[ Cam, i ]—»

Eigenvalue Bounds

Phase Criterion
< we are here
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The Complete Picture

[Self—Adjoint SL]*[CIassical Pr'Lifer]—> BVP — IVP —> Picard: 3! >[Sturm Oscillation]

non-self-adjoint
breaks down

[Non—SeIf—Adjoint SL%[ Gen. Priifer ]—> BVP — IVP —> Picard: 3! —>| Sturm Fails

yet we still fully characterize osci ry behavior:

Monotonicity of Zeros Eigenvalue Bounds Phase Criterion

h

full characterization of oscillatory behavior
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Current and Future Directions

o Difference equations — Priifer framework in the discrete setting (Cetinkaya with
students)

@ Time scales — unified framework encompassing continuous and discrete settings
(Cetinkaya and Cuchta)

o Difference equations with non-uniform step size — ongoing work with REU (funded
by MAA-NSF) undergraduate students (Bandyopadhyay with students)

Future Directions

@ Numerical implementation — computational validation of eigenvalue bounds and
convergence analysis for eigenvalue computation in non-self-adjoint settings (completely
open)
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Thank You!

Questions and Discussion
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